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Abstract: We present a generalised geometry framework for systematically construct-
ing consistent truncations of ten- and eleven-dimensional supergravity preserving varying
fractions of supersymmetry. Truncations arise when there is a reduced structure group GS
of the exceptional generalised geometry, such that the intrinsic torsion is a GS-singlet. The
matter content of the truncated theory follows from group-theoretical arguments, while the
gauging is determined by the sub-algebra of generalised diffeomorphisms generated by the
GS -singlet vectors. After discussing the general ideas across different spacetime dimensions
and amounts of supersymmetry, we provide detailed formulae for truncations to gauged
half-maximal supergravity in five dimensions. In particular, we establish an expression
for the generalised metric on the exceptional tangent bundle, which determines the scalar
truncation ansatz. As applications, we show that this formalism gives a simple derivation
of a new consistent truncation of type IIB supergravity on β-deformed Lunin–Maldacena
geometries, yielding half-maximal supergravity coupled to two vector multiplets, and of
the truncation of eleven-dimensional supergravity on Maldacena–Nu´n˜ez geometries, given
by S4 twisted over a Riemann surface, which leads to half-maximal supergravity coupled
to three vector multiplets.
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1 Introduction
A common problem in string theory and supergravity is how to derive lower-dimensional
effective theories. Given a Kaluza–Klein reduction on a compact manifold, a consistent
truncation is a procedure to truncate the infinite tower of Kaluza–Klein states to a finite
set in a consistent way, such that solutions of equations of motion of the truncated system
are also always solutions of the original theory. In other words, the dependence of the
higher-dimensional fields on the internal manifold factorises out once the truncation ansatz
is plugged in the equations of motion. The classic example, known as a Scherk–Schwarz
reduction, is when the internal space is a group manifold G (or a quotient G/Γ thereof by a
freely-acting discrete group Γ) [1]. Consistency is a consequence of keeping only modes in-
variant under the group action. Aside from these cases, consistent truncations are relatively
rare and hard to construct, see for instance [2, 3]. Classic examples of consistent truncations
on spaces that are not group manifolds are the truncations of eleven-dimensional super-
gravity on S7 [4] and on S4 [5] both leading to a maximally supersymmetric truncated
theory.
Recently, the reformulation of supergravity using Generalised Geometry and Excep-
tional Field Theory has provided a new framework for giving a systematic geometri-
cal description of maximally supersymmetric consistent truncations, both of conventional
Scherk–Schwarz type and the exotic sphere truncations [6–11]. In particular, the notion of
a generalised parallelisation allows one to show that all known such truncations are a form
of generalised Scherk–Schwarz reductions and to prove the long-standing conjecture of the
consistency of type IIB supergravity on S5 [6, 10, 12]. Extensions of these ideas have also
recently been considered in the case of half-maximal truncations in [13–17], mostly focused
on reductions to seven- and six-dimensional supergravities, although [15] also discusses
more general cases. An appealing feature of the maximal generalised Scherk–Schwarz re-
ductions is that one can determine the lower-dimensional supergravity directly from the
generalised geometry, a priori of any explicit substitution into the equations of motion. It
is therefore natural to ask whether generalised geometry can give a similar characterisation
of generic consistent truncations with any amount of supersymmetry.
In this paper, we derive such a unified framework for constructing consistent trun-
cations with different amounts of supersymmetry (including non-supersymmetric trunca-
tions), based on the G-structure of the generalised geometry. The key requirement is that
the so-called “intrinsic torsion” [18] of the G-structure contains only singlets. This for-
malism allows one to easily determine all the features of the lower-dimensional gauged
supergravity, such as the amount of supersymmetry, the coset manifold of the scalars, the
number of gauge and tensor fields, and the gauging, all directly from the geometry. It also
provides a general proof of the conjecture of [19], stating that to any supersymmetric solu-
tion to ten- or eleven-dimensional supergravity of the warped product form AdSD ×w M ,
there is a consistent truncation to pure gauged supergravity in D dimensions containing
that solution and having the same supersymmetry. As we will see, this statement follows
from observing that supersymmetric AdSD ×w M solutions always define a “maximal”
supersymmetric generalised G-structure, and the G-invariant tensors then can be used to
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define a consistent truncation. When the actual generalised G-structure is a subgroup of
the maximal one, we show that one may go further and obtain a consistent truncation
which includes matter multiplets and in some cases preserves more supersymmetry than
the vacuum.
The structure of the paper and the main results are as follows. In Section 2 we describe
the general ideas and apply them to a number of simple cases, notably identifying the max-
imal G-structure for a given amount of supersymmetry and thus proving the conjecture
of [19], and also deriving the field content of the supersymmetric truncations that arise
from reductions to D = 4 and D = 5 on conventional G-structure manifolds, reproducing a
number of known results in the literature. In Section 3 we focus on truncations leading to
half-maximal supergravity in five dimensions, which are based on E6(6) generalised geome-
try. This case was first considered in the general analysis of [15], but here we give a number
of new results. In particular, we show that the relevant SO(5−n) ⊂ SO(5, 5) ⊂ E6(6) gen-
eralised structure is fully specified by a set of 6 + n generalised vectors on the internal
manifold. We argue that if the algebra of generalised diffeomorphisms (that is, diffeomor-
phisms together with form-field gauge transformations) generated by these vectors closes
with constant coefficients, then the generalised structure has singlet intrinsic torsion and
the consistent truncation exists. The resulting five-dimensional half-maximal supergravity
is coupled to n vector multiplets, and its gauge algebra is the one generated by the 6 + n
generalised vectors. We give detailed formulae based on these vectors specifying the full
bosonic truncation ansatz. In particular, we provide an expression for the generalised met-
ric on the internal manifold, which gives the complete scalar truncation ansatz. This is one
of the main results of our work.
In Section 4 we apply our formalism to consistent truncations of type IIB supergravity
on five-dimensional manifolds preserving half-maximal supersymmetry (that is, 16 out of 32
supercharges). We first illustrate how the formalism works by reproducing the truncation
of type IIB supergravity on squashed Sasaki–Einstein manifolds derived in [20, 21]. This
is half-maximal supergravity coupled to two vector multiplets and with a U (1) × Heis3
gauging, where Heis3 denotes the Heisenberg group. Then we argue that when the Sasaki–
Einstein manifold is toric, the exact same truncated theory is also obtained by deforming
the internal geometry via the TsT transformation of [22] with parameter β. Another
way to say this is that we TsT-transform the full truncation ansatz, rather than just the
AdS solution. We thus obtain a continuous family of uplifts of the U (1) × Heis3 gauged
five-dimensional supergravity, parameterised by β. At the technical level, this is shown by
exploiting the fact that the TsT transformation has a simple action in generalised geometry
via a bi-vector field. It was recently shown in the S5 case that such backgrounds admitted
a truncation to minimal gauged supergravity (8 supercharges) [23]. Our result shows that
they in fact admit a much larger truncation to half-maximal supergravity with two vector
multiplets.
In Section 5 we derive a consistent truncation of eleven-dimensional supergravity on
Maldacena–Nu´n˜ez geometries where S4 fibers over a Riemann surface [24], leading to half-
maximal supergravity coupled to three vector multiplets and with a U (1)× ISO(3) gauge
algebra. We note that the existence of such a consistent truncation, as well as an analy-
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sis of its sub-truncations and vacua, was very recently proven using a different approach,
considering the explicit truncation directly from seven-dimensional maximal gauged su-
pergravity [25]. We conclude in Section 6 outlining some directions of future research
including some more consistent truncations that it would be interesting to explore using
our approach.
2 Consistent truncations from G-structures
2.1 Conventional G-structure constructions
Before turning to the generalised geometry picture, let us review the role of conventional G-
structures in consistent truncations. Through the study of several cases such as [20, 21, 26–
30], it is now understood that any G-structure with constant, singlet intrinsic torsion leads
to a consistent truncation.
The idea is as follows. In conventional Scherk–Schwarz reductions on a group manifold
M = G all the higher-dimensional fields in the theory can be decomposed into representa-
tions of G. By keeping all the singlet representations and nothing else, one ensures that
the truncation is consistent, since products of singlet representations can never source the
non-singlet representations that were truncated away. However, this argument extends:
the key point is not that the manifold has isometries but that the structure group GS is
reduced, since this allows one to decompose all tensor fields into GS representations and
then keep only those fields transforming as singlets. In the case of a group manifold the
structure group is trivial since the manifold is parallelisable, but more generally one can
consider cases with larger structure groups.1 Explicitly, one has
Theorem 1. Let M be a d-dimensional manifold with a GS-structure defining a set of
invariant tensors {Ξi} with GS ⊂ O(n) and only constant, singlet intrinsic torsion. Any
field theory has a consistent truncation on M defined by expanding all fields in terms of
the invariant tensors.
If the theory includes spinors, then the GS -structure lifts to a G˜S ⊂ Spin(d) structure
and we can include fermions in the truncation by expanding any spinor fields in terms of
spinors invariant under G˜S .
To explain this in a little more detail, first recall that a choice of GS-structure on a
d-dimensional manifold M is a reduction of the structure group. Formally, a GS-structure
defines a GS-principal sub-bundle P of the GL(d,R) frame bundle. In most cases, the
structure can equivalently be defined by a set of GS-invariant, nowhere vanishing tensors
{Ξi}. The existence of a GS -structure means that all tensor fields can be decomposed into
irreducible representations of GS . For example, a choice of GS = O(d) structure defines a
1The same symmetry argument used for Scherk–Schwarz reductions implies that dimensional reductions
on coset manifolds M = G/H keeping all G-invariant Kaluza–Klein modes and nothing else are consistent.
In this case, there is a nice connection with the other argument given above, based on the G-structure
of M . Indeed one can show that if H contains no nontrivial invariant subgroup of G, then G/H admits
a G-invariant H-structure (see e.g. [31, App. A]). The G-invariant truncation and the truncation based on
singlets of the H-structure then coincide.
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subset of orthonormal frames, or equivalently is defined by an invariant metric tensor g. A
given GS-structure P is characterised by its intrinsic torsion. If GS ⊂ O(d), this is defined
in the following simple way (see for example [32]). Since GS ⊂ O(d) the structure defines
a metric g and hence a corresponding Levi–Civita connection ∇. Acting on each invariant
tensor Ξi we have
∇mΞin1...nrp1...ps = Kmn1qΞiq...nrp1...ps + · · · +Kmnr qΞin1...qp1...ps
−Kmqp1Ξin1...nrq...ps + · · · −KmqpsΞin1...nrp1...q,
(2.1)
which uniquely defines Km
n
p as a section of T
∗M ⊗ g⊥ with m and n, p denoting the T ∗M
and g⊥ indices respectively. Here we have decomposed Λ2T ∗M ≃ so(d) = g ⊕ g⊥ with g
the Lie algebra of GS . Note that the T
∗M ⊗ g part is missing in K because, by definition
Ξi is GS-invariant. The tensor K defines the intrinsic torsion (Tint)mn
p = Kn
p
m −Kmpn.
Note that equivalently one can define a new torsionful connection ∇˜ = ∇ − K that is
compatible with the structure, that is ∇˜Ξi = 0 for all Ξi. The intrinsic torsion Tint is then
the torsion of ∇˜. In general Tint will decompose into GS representations, known as the
“torsion classes” of the GS -structure. Note that in many examples, the invariant tensors Ξi
are all differential forms and the intrinsic torsion is completely determined by the exterior
derivatives dΞi.
As for reduction on group manifolds, the proof of theorem 1 is very straightforward. By
expanding in terms of invariant tensors, all the fields one keeps transform as singlets under
the structure group, with the only dependence on the internal space coming from the {Ξi}.
Furthermore since the intrinsic torsion has only singlet components (and is independent of
the internal space) any derivative of a field is given by the right-hand side of (2.1) and is
itself an expansion in terms of singlets. So long as we keep all possible singlets and nothing
else, given the equations of motion can be written as generalised tensors, the truncation is
then necessarily consistent, since products of singlet representations can never source the
non-singlet representations that were truncated away.
Focusing on the gravity sector, the scalars and vector fields in the consistent truncation
appear in the following way. Recall that the choice of metric parameterises aGL(d,R)/O(d)
coset. To count the number of GS singlets in the metric we can use the commutant of GS
in GL(d,R) and O(d). The scalars in the consistent truncation coming from the metric
thus parameterise
metric scalars ⇔ H ∈ CGL(d,R)(GS)
CO(d)(GS)
, (2.2)
where CK(A) denotes the commutant of A ⊂ K insideK. We can also count the number of
vectors coming from the metric, by counting the number of invariant one-forms ηa ∈ {Ξi},
giving
metric gauge fields ⇔ Aa ηˆa, (2.3)
where ηˆa are the dual singlet vectors. For singlet torsion, the torsion is completely deter-
mined by the Lie derivatives of the invariant tensors
LηˆaΞi = faij Ξj , (2.4)
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where fai
j are constants, fixed by the intrinsic torsion. For example, the gauging of the
truncated theory depends on the Lie bracket[
ηˆa, ηˆb
]
= fab
c ηˆc , (2.5)
and we see that the singlet intrinsic torsion determines the gauge algebra of the metric
gauge fields.
To see how the construction works in practice consider the reduction on a Sasaki–
Einstein manifold M of dimension d = 2n+1, which appeared in the context of reductions
of M-theory and type IIB in [26] and [20, 21] respectively. The invariant tensors (η, ω,Ω),
where η is a real one-form, ω a real two-form and Ω a complex n-form on M , define an
GS = SU (n) ⊂ GL(d,R) structure and satisfy
dη = 2ω, dΩ = i (n + 1) η ∧ Ω , (2.6)
implying we indeed have constant singlet torsion, since only invariant tensors appear on
the right-hand sides of these equations. In this case the metric scalar manifold is
CGL(2n+1,R)(SU (n))
CSO(2n+1)(SU (n))
=
R+ × C
U (1)
= R+ × R+, (2.7)
where the first R+ comes from CGL(2n+1)(GL(2n)) and C from CGL(2n)(SU (n)). There is
a single invariant one-form η and so there will be a single gauge field Aµ(x) coming from
the metric. Concretely the consistent truncation on M is defined by
ds2 = gµνdx
µdxν + e2Uds22n + e
2V (η +A)2, (2.8)
where ds22n is the (local) 2n-dimensional Ka¨hler–Einstein metric defined by (ω,Ω). The
scalars fields U(x) and V (x) parametrise the scalar manifold H.
The Scherk–Schwarz reduction M = G is of course itself also an example. The group
structure picks out a preferred co-frame {ea} ∈ T ∗M of (say) left-invariant one-forms.
Geometrically the one-forms define an “identity structure” GS = 1 ⊃ GL(d) (or paralleli-
sation). Since CK(1) = K, the scalar fields are in the coset
CGL(d)(1)
CSO(d)(1)
=
GL(d,R)
SO(d)
. (2.9)
The one-forms define d gauge fields with a Lie algebra given by the Lie bracket (2.5). The
consistent truncation ansatz for the metric is
ds2 = gµνdx
µdxν + hab
(
ea +Aa)(eb +Ab) , (2.10)
where hab(x) is matrix of scalar fields and the Aaµ(x) are gauge fields in the adjoint of GS .
Any number of other examples can be constructed. We note that the standard con-
sistent truncation keeping a volume modulus on an orientable manifold can be thought of
arising from the corresponding SL(n,C)-structure. Similarly the universal sector of type II
Calabi–Yau compactifications arises from keeping SU (n)-singlet fields in the metric and
form-field degrees of freedom.
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2.2 Generalised G-structure constructions
We can now extend this picture to generalised geometry to describe the consistent trunca-
tions of eleven-dimensional and type II supergravities on d- and (d− 1)-dimensional man-
ifolds M respectively. The generalisation is straightforward: we replace the conventional
GS -structures with generalised G-structure on the generalised tangent space E associated
to M . The generic structure group on E is the exceptional group Ed(d) which has a maxi-
mal compact R-symmetry subgroup Hd (see table 1). If a GS ⊂ Hd structure is defined by
a set of generalised invariant tensors the idea is then to expand the supergravity fields in
terms of the tensors used to define the consistent truncation. This is a generalisation of the
construction given in [6], where it was shown that maximally supersymmetric consistent
truncations corresponded to “Leibniz parallelisations”, that is, identity structures GS = 1
with constant intrinsic torsion.
2.2.1 Main theorem
Let us start by stating the result and then discuss more details of the generalised geometry
and the proof of the statement. We claim
Theorem 2. Let M be a d-dimensional (respectively (d − 1)-dimensional) manifold with
a generalised GS-structure defining a set of invariant tensors {Qi} with GS ⊂ Hd and
only constant, singlet intrinsic torsion. Then there is a consistent truncation of eleven-
dimensional (respectively type II) supergravity on M defined by expanding all bosonic fields
in terms of the invariant tensors. If H˜d is the double cover of Hd , acting on fermions
the structure group lifts to G˜S ⊂ H˜d and the truncation extends to the fermionic sector,
provided again one expands the spinor fermion fields in terms of G˜S singlets.
To see how this works, we start by summarising the generalised geometry reformulation
of eleven-dimensional or type II supergravity on a product space X ×M where X is a D-
dimensional Lorentzian space, and the internal manifold M is d-dimensional, or, in the
case of type II supergravity, (d − 1)-dimensional. In generalised geometry, the GL(d,R)
or GL(d − 1,R) structure group of conventional geometry on M is extended to Ed(d) for
d ≤ 7 [33, 34]. This allows one to reformulate supergravity, so that the bosonic supergravity
fields and their equations of motion are rearranged into generalised tensors transforming as
representations of GL(D,R)×Ed(d). TheGL(D,R) scalar degrees of freedom are repackaged
into a generalised metric, that is a symmetric generalised tensor G ∈ Γ(S2E∗) which is
invariant under the R-symmetry subgroup Hd ⊂ Ed(d). Thus geometrically the generalised
metric defines an Hd -structure [35, 36]. The GL(D,R) one-form, vector degrees of freedom
are sections of the generalised tangent space E, while the two-form tensor degrees of freedom
are sections of a generalised tensor bundle here denoted N [37–41]. In summary we have
scalars: GMN (x, y) ∈ Γ(S2E∗) ,
vectors: AµM (x, y) ∈ Γ(T ∗X ⊗ E) ,
two-forms: BµνMN (x, y) ∈ Γ(Λ2T ∗X ⊗N) ,
(2.11)
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where x and y are coordinates on X and M respectively, the index M denotes compo-
nents of vectors in E (or E∗ if lowered) and we are using the fact that N ⊂ S2E. One
can also further introduce higher form-field degrees of freedom following the tensor hierar-
chy [42, 43]. However, these do not introduce new degrees of freedom but are dual to the
scalar, vector and two-forms2. The relevant groups and Ed(d) representations are all listed
in table 1. Note that H˜d is actually the double cover of Hd . The dynamics of the super-
gravity is completely determined by the Levi–Civita connection on the external space and
a generalised connection D on the internal space. The latter is the generalised analogue of
the Levi–Civita connection: it has vanishing generalised torsion and is compatible with the
generalised metric. We also include in table 1 the Ed(d) representation of the generalised
tensor bundle W in which the generalised torsion lies and the H˜d representation of the
spinor bundle S in which the supersymmetry parameter lies [36].
Ed(d) E N W H˜d S
E7(7) 56 133 912⊕ 56 SU (8) 8⊕ 8¯
E6(6) 27 27
′ 351⊕ 27′ USp(8) 8
Spin(5, 5) 16s 10 144s ⊕ 16c USp(4) ×USp(4) (4,1)⊕ (1,4)
SL(5,R) 10 5′ 40⊕ 15′ ⊕ 10′ USp(4) 4
Table 1. Generalised geometry groups, bundles and representations.
Now suppose we have a reduced structure group GS ⊂ Hd defined by a set of GS-
invariant generalised tensors {Qi}. As described in [18], one can again define an intrinsic
torsion Tint for the generalised GS-structure, and decompose it into representations of GS .
The definition is as follows. Let D˜ be a generalised connection compatible with the GS-
structure, that is, sastisfying D˜Qi = 0 for all Qi. Formally, the generalised torsion T of D˜
is defined by, acting on any generalised tensor α,
(
LD˜V − LV
)
α = T (V ) · α (2.12)
where L is the generalised Lie derivative, LD˜ is the generalised Lie derivative calculated
using D˜ and we view the torsion as a map T : Γ(E)→ Γ(ad F˜ ) where ad F˜ is the Ed(d)×R+
adjoint bundle, so that T (V ) acts via the adjoint action on α. The intrinsic torsion is then
the component of T that is independent of the choice of compatible connection D˜. We are
interested in the case where only singlet representations appear in the intrinsic torsion. This
means we can define a generalised Levi-Civita connection such that, in analogy with (2.1),
acting on any invariant generalised tensor Qi,
DMQi = ΣM ·Qi (2.13)
where ΣM is a section of E
∗⊗ adPHd that is completely determined in terms of the singlet
2Note that for D = 4 this means the AµM contain both the vectors and their duals, and in D = 6 the
BµνMN contain both the two-forms and their duals.
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torsion3. Here we are using a notion where adPHd is the bundle of tensors transforming
on the adjoint representation of Hd .
The proof of consistency is just as before. By expanding in terms of invariant tensors,
all the fields one keeps transform as singlets under the structure group, with the only
dependence on the internal space coming from the {Qi}. Furthermore from (2.13) the
derivatives of all the truncated fields also have expansions in terms of singlets. So long as
we keep all possible singlets and nothing else, the truncation is then necessarily consistent,
since products of singlet representations can never source the non-singlet representations
that were truncated away.
2.2.2 Structure of the truncated theory
So far we have made a general argument that a GS -structure with singlet intrinsic torsion
will lead to a consistent truncation of eleven-dimensional or type II supergravity. However,
one can go further and deduce the structure of the truncated theory from the GS-structure
and the torsion. We will find that in all cases, even when there is no preserved supersym-
metry, it is described by a version of the embedding tensor formalism (see e.g. [44, 45] for
a review of this formalism).
We start by identifying the GS-singlet truncated degrees of freedom. Since GS ⊂ Hd
the structure encodes the generalised metric GMN . In the truncation we want to keep
singlet deformations of the structure, modulo those singlet deformations that do not deform
the metric. At each point in M the metric is an element of the coset Ed(d)/Hd , thus we
can generate the singlet deformations of the metric by acting on the structure by elements
of Ed(d) that commute with GS modulo elements of Hd that commute with GS , since the
latter will not change the metric. Thus we find the scalars parametrise the coset
scalars: hI(x) ∈ Mscal =
CEd(d)(GS)
CHd (GS)
:=
G
H . (2.14)
Recall that the vector fields are sections of T ∗X⊗E. If {KA} is a basis for the GS -invariant
generalised vectors, spanning a vector space V ⊂ Γ(E), then we have
vectors: AµA(x)KA ∈ Γ(T ∗M)⊗ V. (2.15)
If {JΣ} is a basis generating the GS-invariant vector space B ⊂ Γ(N), we similarly have
the two-form degrees of freedom
two-forms: BµνΣ(x)JΣ ∈ Γ(Λ2T ∗X)⊗ B. (2.16)
Note that by definition V and B are both representation spaces for the action of the
commutant group G. Note we also have N ⊂ S2E and so we can use the projection map
3Note there is a subtlety that the connection D is not uniquely determined by the conditions of compat-
ibility with the generalised metric and being torsion-free. However only certain projections of the action of
D appear in the supergravity and these are unique [35]. In equation (2.13), we are choosing a particular
torsion-free compatible D. Equivalently, one can show that the unique projected operators, acting on Qi,
are completely determined by the singlet intrinsic torsion.
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×N and embedding to define the constants dABΣ and d˜ΣAB
KA ×N KB = dABΣJΣ, JΣ = d˜ΣABKA ⊗KB . (2.17)
intertwining the representation spaces.
Turning to the singlet intrinsic torsion, we note that, since D˜KA = 0, in analogy
with (2.4), we have
LKAQi = −Tint(KA) ·Qi , (2.18)
where we recall that L is the generalised Lie derivative. Since Tint is a singlet, then Tint(KA)
must be a singlet of ad F˜ , but such singlets are precisely the Lie algebra of the commutant
group G = CEd(d)(GS). Thus −Tint defines an “embedding tensor” [44, 45], that is a linear
map
Θ : V → LieG . (2.19)
Acting on the KA, we get
LKAKB = ΘA ·KB = ΘAαˆ(tαˆ)BCKC := XABCKC , (2.20)
where (tαˆ)BC are the representations of the generators of LieG acting on V. The Leib-
niz property of the generalised Lie derivative then implies [6, 35] the standard quadratic
condition on the embedding tensor
[XA,XB] = −XABCXC , (2.21)
where we are viewing (XA)BC = XABC as a matrix. Thus we can view theKA as generating
a Lie algebra with structure constants X[AB]C . Since the image of Θ may not be the whole
of LieG, we see that the vector fields describe a gauge group
gauge group: Ggauge ⊆ G , (2.22)
where LieGgauge = ImV ⊆ LieG under the embedding tensor map Θ. The XA then define
the adjoint representation and Θ defines how the gauge action embeds as an action in G.
By reducing the generalised geometry/EFT reformulation of supergravity of [35–41],
we can then summarise the structure and gauging of the truncated theory, which match
the standard formulae for gauging of a tensor hierarchy via an embedding tensor [44, 45]:
• The fields in the truncated theory are as follows
scalars: hI(x) ∈ Mscal =
CEd(d)(GS)
CHd (GS)
:=
G
H ,
vectors: AAµ (x)KA ∈ Γ(T ∗X)⊗ V ,
two-forms: BΣµν(x)JΣ ∈ Γ(Λ2T ∗X)⊗ B .
(2.23)
• The theory is gauged by Ggauge ⊆ G with the scalar covariant derivatives
Dˆµh
I = ∂µh
I −AAµ ΘAαˆkαˆI , (2.24)
where kαˆ are the Killing vectors on Mscal generating the action of the LieG .
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• The gauge transformations of the vectors and two-forms are
δAAµ = ∂µΛA +XBCA
(ABµ ΛC − ΞBCµ ) ,
δBΣµν = 2dABΣ
(
∂[µΞ
AB
ν] + 2XCD
AAC[µ ΞDBν] − ΛAHBµν −AA[µ δABν]
)
,
(2.25)
where ΞABµ = ΞµΣd˜ΣAB and HA = dAA +XBCA(AB ∧ AC + BΣd˜ΣBC) .
• Given a lift G˜S ⊆ H˜d , the number of supersymmetries preserved by the truncated
theory is given by the number of G˜S-singlets in the generalised spinor bundle S.
The key point here is that the geometrical data of the GS -structure and its singlet
intrinsic torsion completely determine the truncated theory. The precise relationship be-
tween these expressions and the uplifted supergravity fields depends on the normalisations
of the basis vectors KA and JΣ and the explicit expression for the generalised metric GMN
in terms of the relevant normalised invariant tensors. We will turn to the details of these
relationships in the explicit example of half-maximal truncations in the following sections.
2.3 Maximal structure groups and pure supergravities
To see how the truncated theories arise for some specific structure groups and match known
consistent truncations, in this and the next sub-section let us focus on truncations preserv-
ing a given amount of supersymmetry in D = 11− d dimensions. For N supersymmetries
the generalised spinor bundle S must have N singlets when decomposed under the struc-
ture group GS ⊂ H˜d 4. Let GN be the maximal subgroup of H˜d for which this is true,
that is the largest possible generalised structure group that preserves N supersymmetries.
These groups are listed in table 2.
H˜d GN
SU (8) SU (8−N )
USp(8) USp(8− 2N )
USp(4) × USp(4) USp(4− 2N+)× USp(4− 2N−)
USp(4) USp(4− 2N )
Table 2. Maximal generalised structure subgroups GN ⊂ H˜d preserving N supersymmetries in
the truncated theory. Note that for d = 5 we have six-dimensional supergravity with (N+,N−)
supersymmetry.
We can then use our formalism to determine the corresponding consistent truncations.
In each case we need to find the commutant groups G and H and the spaces of vector and
tensor multiplets. Both are fixed once one knows the embedding GN ⊂ Ed(d). The results
are summarised in table 3. For the vector and two-form degrees of freedom we include
only the minimum dynamical set. In particular, in D = 4 and D = 5, the two-forms are
dual to scalars and vectors respectively, and so are not listed. For vectors in D = 4 and
4Note that here and in the following subsection we will ignore discrete factors in the structure group
and hence ignore the possible distinction between GS and G˜S .
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two-forms in D = 6 we include both the fields and their duals. In D = 6 the self- and anti-
self-dual two-forms are distinguished by their transformation under the two R-symmetry
groups. Comparing with the standard literature (see for example the review in [46]) we see
that these theories are in one-to-one correspondence with the possible pure supergravity
theories. This includes, in particular, the maximally supersymmetric cases of the sphere
reductions. In each case, the gauging of the theory will depend on the singlet torsion, as
described for the sphere cases in [6].
Ed(d) N G = CEd(d)(GS) H = CH˜d (GS) V B
E7(7) 1 U(1) U(1) –
2 SU (2)×U(1) SU (2)×U(1) 1⊕1
3 SU (3)×U(1) SU (3)×U(1) 3⊕3¯
4 SU (4)×SL(2,R) SU (4)×U(1) (6,2)
5 SU (5, 1) SU (5)×U(1) 20
6 SO∗(12) SU (6)×U(1) 32
8 E7(7) SU (8) 56
E6(6) 1 USp(2) USp(2) 1
2 USp(4)×R+ USp(4) 5+ 1
3 SU ∗(6) USp(6) 15
4 E6(6) USp(8) 27
Spin(5, 5) (1, 0) USp(2) USp(2) – 1
(1, 1) USp(2)×USp(2)×R+ USp(2)×USp(2) (2,2) 2·(1,1)
(2, 0) USp(4) USp(4) – 5
(2, 1) SU ∗(4)×USp(2) USp(4)×USp(2) (4,2) (6,1)
(2, 2) Spin(5, 5) USp(4)×USp(4) 16 10
SL(5,R) 1 USp(2)×R+ USp(2) 3 1
2 SL(5,R) USp(4) 10 5
Table 3. Commutant groups and G-representations of vectors and two-forms for GN -structure
consistent truncations.
From one perspective, this is not surprising – the representation theory is the same as
that giving each pure supergravity theory as truncation of the maximally supersymmetric
one in that dimensions. However, this analysis does allow us to give a proof of the conjecture
in [19] (see also [47, 48]):
Corollary. Any supergravity solution with a D-dimensional AdS (or Minkowski) factor
preserving N supersymmetries, defines a consistent truncation to the corresponding pure
supergravity theory.
The proof follows from the analysis of supersymmetric background in [18, 49, 50]. There
it was showed that solutions with AdS (or Minkowski) factors with N supersymmetries
correspond to GN generalised structures with singlet torsion. The corollary then follows
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as a direct application of Theorem 2. For the Minkowski space case, the intrinsic torsion
vanishes and the truncated theory is ungauged.
2.4 Supersymmetric truncations from conventional G-structures
The more interesting case is when the structure group GS is a subgroup of GN but one still
has the same number of supersymmetries, that is, the same number of GS-singlets in the
generalised spin bundle S, since this can allow for truncated theories with non-trivial matter
content. A simple way to achieve this situation is to consider the case of a conventional
G-structure that corresponds to the appropriate number of supersymmetries. This analysis
will allow us to connect to a number of known consistent truncations, including cases that
require considerable calculation to derive the structure of the truncated theory.
For definiteness we consider the cases of truncations of eleven-dimensional and type
IIB supergravity to D = 4 or D = 5 on manifolds with G2, SU (3) or SU (2) conventional
G-structures. Calculating the commutant groups and the representation of the space of
vector fields V we find the structure of the truncated theory is the same, independent of
whether it came from eleven-dimensional or type IIB supergravity. We list the relevant
groups and representations in table 4. Note that for D = 4 we give both the vectors and
their duals, forming doublets of the SL(2,R) subgroup of G.
Ed(d) N GS G = CH˜d (GS) H = CEd(d)(GS) V
E7(7) 1 G2 SL(2,R) U(1) –
2 SU (3) SU (2, 1) × SL(2,R) SU (2) × U(1)2 2 · (1,2)
4 SU (2) SO(6, 3) × SL(2,R) SO(6) × SO(3)× U(1) (9,2)
E6(6) 1 SU (3) SU (2, 1) SU (2) × U(1) 1
2 SU (2) SO(5, 2) × R+ SO(5) × SO(2) 7⊕ 1
Table 4. Commutant groups and G-representations of the vector fields for consistent truncations
using conventional G-structures.
In each case we can identify the multiplet structure of the truncated theory and match
to known examples of truncations, as follows:
G2 ⊂ E7(7) structure: This case only refers to eleven-dimensional supergravity. Singlet
intrinsic torsion implies a weak G2 manifold. The D = 4 truncated theory is N = 1
supergravity coupled to a single chiral multiplet
Mscal = SL(2,R)
U(1)
, (2.26)
and there are no vector multiplets, matching the truncation first derived in [26].
SU (3) ⊂ E7(7) structure: The D = 4 truncated theory is N = 2 supergravity coupled
to a single hypermultiplet and a single vector multiplet, with the scalar manifolds
Mscal =Mhyper ×Mvector = SL(2,R)
U(1)
× SU (2, 1)
SU (2)× U(1) . (2.27)
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For eleven-dimensional supergravity this includes the case of consistent truncation on a
Sasaki–Einstein seven-manifold first derived in [26]. For type IIB, it includes the case of
the universal sector of nearly Ka¨hler reductions, the analogue of the IIA case considered
in [27, 28].
SU (2) ⊂ E7(7) structure: The D = 4 truncated theory is N = 4 (half-maximal) super-
gravity coupled to three vector multiplets, with scalar manifold
Mscal = SL(2,R)
U(1)
× SO(6, 3)
SO(6)× SO(3) . (2.28)
For eleven-dimensional supergravity this includes the case consistent truncation on a tri-
Sasaki seven-manifold first derived in [29].
SU (3) ⊂ E6(6) structure: This case only refers to eleven-dimensional supergravity. The
D = 5 truncated theory is minimal supergravity coupled to a single hypermultiplet
Mscal = SU (2, 1)
SU (2)× U(1) , (2.29)
and has only the graviphoton with no extra gauge fields. For the case of vanishing in-
trinsic torsion the theory is just the universal sector of eleven-dimensional supergravity
compactified on a Calabi–Yau manifold.
SU (2) ⊂ E6(6) structure: The D = 5 truncated theory is half-maximal supergravity
coupled to two vector multiplets, with the scalar manifolds
Mscal = R+ × SO(5, 2)
SO(5)× SO(2) . (2.30)
For type IIB supergravity this includes the case of consistent truncation on a Sasaki–
Einstein five-manifold derived in [20, 21]. We will analyse this case in considerable detail
in Section 4.2.
In each of these cases the gauging of the theory will depend on the particular intrinsic
torsion, via the embedding tensor Θ defined by (2.18). Rather than work through the
details in each case here we will focus in the following sections on the particular class of
half-maximal D = 5 truncations. This will in particular include the details of the Sasaki–
Einstein five-manifold example. We will also go further and discuss more involved examples.
Finally, we note that we could also have considered cases above where GS is a subgroup of
the conventional SU (3) or SU (2) structure groups such that we still have the same amount
of supersymmetry. These would be relevant for example, to the consistent truncation of
type IIB on the T 1,1 coset space [51, 52] (which admits a left-invariant U (1) ⊂ SU (2)
structure) and of eleven-dimensional supergravity on the various coset spaces considered
in [30].
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3 Half-maximal truncations to five dimensions
In order to make the general formalism more explicit, in the following sections we will focus
on the case of consistent truncations of type IIB and eleven-dimensional supergravity to
five dimensions, preserving half-maximal supersymmetry. In this section we will give the
details of the generic formalism, identifying the possible structure groups GS , the invariant
generalised tensors and, in particular, how they determine the generalised metric. Concrete
examples will be discussed in the following sections. We note that the case of half-maximal
truncations to five (and other) dimensions using exceptional field theory was first considered
in the general analysis of [15]. Here we give a number of new results, both for how the
generalised structure is defined and how the truncations are constructed. For the general
structure of half-maximal supergravity in five dimensions we refer to [53] (see also [54]).
3.1 SO(5− n) generalised structures
Dimensional reductions of eleven-dimensional supergravity on a six-dimensional manifold
or of type IIB supergravity on a five-dimensional manifold are described by E6(6) × R+
generalised geometry. The R-symmetry group of five-dimensional supergravity is contained
in USp(8), the maximal compact subgroup of E6(6). For half-maximal supergravity, USp(8)
must be broken to
USp(8) ⊃ USp(4)R × USp(4)S ⊇ USp(4)R × G˜S , (3.1)
where the factor USp(4)R is identified with the R-symmetry of half-maximal supergravity,
while the other USp(4)S factor contains the (double cover of) the reduced structure group,
G˜S ⊆ USp(4). Under the first embedding in (3.1), the spinorial representation of USp(8)
decomposes as 8 = (4,1) ⊕ (1,4), and we can identify the four spinor parameters of half-
maximal supergravity as those that transform in the (4,1) representation, in the 4 of
USp(4)R and singlets of G˜S . Since we are focussing on dimensional reductions that do not
have more than half-maximal supersymmetry, we also require that there are no further
G˜S -singlets in the (1,4) representation. This (essentially) restricts the possible structure
groups5 to be GS = SO(5 − n), n = 0, . . . , 3. (Here we are ignoring the possibility of
finite structure groups, hence exclude n = 4). Thus half-maximal truncations correspond
to dimensional reductions on (the double cover of) GS = SO(5−n) generalised structures.
This structure group is embedded in E6(6) as:
GS = SO(5− n) ⊆ SO(5)S ⊂ SO(5, 5) ⊂ E6(6) . (3.2)
There are two extra cases of GS ⊂ SO(5)S not included in this sequence. These come from
the embeddings
SO(5)S ⊃ SO(4) = SU (2) × SU (2)
Z2
⊃ SU (2)× U(1) ⊃ U(1)× U(1). (3.3)
5For spinorial representations we of course need the double cover G˜S . Thus, for instance USp(4) is
the double cover of SO(5), but when discussing bosonic representations we can use SO(5) at the place of
USp(4).
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Choosing either GS = SU (2) × U(1) or GS = U(1)2 still gives a half-maximal truncation.
However, it is easy to show that the commutant subgroups and GS-singlets are the same as
the case of GS = SO(4). Thus although the structure is different the resulting truncated
theory is the same, meaning we can restrict to the sequence (3.2).
As discussed in the previous section, the vector fields in the truncation are in one-to-
one correspondence with the GS-singlets in the fundamental representation of E6(6), while
the scalar fields parameterise the coset
Mscal =
CE6(6)(GS)
CUSp(8)(GS)
= O(1, 1) × SO(5, n)
SO(5) × SO(n) :=
G
H , (3.4)
where as before CE6(6)(GS) and CUSp(8)(GS) are the commutants of GS in E6(6) and USp(8),
respectively. This matches the standard structure of the scalar manifold for half-maximal
supergravity coupled to n vector multiplets [53]. The single scalar in the gravity multiplet
parameterises the O(1, 1) factor6 while the scalars in the vector multiplets parameterise
the SO(5,n)
SO(5)×SO(n) coset space.
We can also identify the number of singlets in the generalised tangent space, which
determines the number of vector fields in the truncation. They also form a representation
of G. Recall that the generalised tangent space E transforms in the 27 of E6(6). Under
SO(1, 1) × SO(5, 5) ⊂ E6(6) we have the decomposition
E = E0 ⊕ E10 ⊕ E16 ,
27 = 1−4 ⊕ 102 ⊕ 16−1 , (3.5)
where the subscripts denote the SO(1, 1) weights. Under SO(5) × SO(5) we have 16−1 =
(4,4). By construction the 4 representation has no singlets under GS and hence there are
no singlets in the 16−1 component. On the other hand, the 102 representation decomposes
as
102 = (5 + n,1)2 ⊕ (1,5− n)2, (3.6)
under O(1, 1) × SO(5, n) × SO(5 − n) ⊂ O(1, 1) × SO(5, 5). Thus we see that we get
6 + n singlets, one from the 1−4 representation and 5 + n from 102. In summary, as a
G = O(1, 1) × SO(5, n) representation, we have the space of vector fields
V = 1−4 ⊕ (5 + n)2,
{KA} = {K0,KA : A = 1, . . . , 5 + n}, (3.7)
where we are using the index A = 0, 1, . . . , 5+n. In terms of the half-maximal supergravity
six of these vectors come from the gravity multiplet and n of them from the additional vector
multiplets.
In generalised geometry, the E6(6) cubic invariant, acting on the generalised tangent
space E, gives a map c : S3E → detT ∗M , which can be used to choose a natural parametri-
6Previously we denoted such factor by R+, while here we use O(1, 1) to match the standard supergravity
literature.
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sation of the invariant generalised vectors. From the decompositions (3.5) and (3.6) we have
c(K0,K0, V ) = 0 , ∀V ∈ Γ(E) ,
c(KA,KB ,KC) = 0 , ∀A,B,C , (3.8)
and hence, independent of the choice of KA, an SO(5, 5) metric η on E10 given by
c(K0, V,W ) = η(V,W ) vol , (3.9)
where vol is a volume form on detT ∗M . Since the KA are fixed up to SO(5, 5) rotations,
we can use this to fix an orthonormal basis, and hence also the volume form vol, by
η(KA,KB) = ηAB , (3.10)
where
ηAB = diag(−1,−1,−1,−1,−1,+1, . . . ,+1) (3.11)
is the flat SO(5, n) metric7. Note that the freedom in the normalisation of η in (3.9) and
hence of the KA vectors via rescaling K0 7→ λ2K0 with KA 7→ λ−1KA is just the action
of the O(1, 1) subgroup of G. Note that specifying a set of vectors {KA} satisfying (3.8)
and (3.10) fixes an SO(5 − n) ⊂ E6(6) structure. That is, the structure is completely
determined by the vectors and no other generalised tensors are needed.
Turning to the two-form fields, for E6(6) generalised geometry we have
N ≃ detT ∗M ⊗ E∗ = N0 ⊕N10 ⊕N16 ,
27′ = 14 ⊕ 10−2 ⊕ 16′1, (3.12)
where again we decompose under SO(1, 1) × SO(5, 5) ⊂ E6(6). The same argument as for
E then gives the space of singlet two-forms JΣ
B = 14 ⊕ (5 + n)−2 ,
{JA} = {J0, JA : A = 1, . . . , 5 + n} , (3.13)
where the isomorphism N ≃ detT ∗M ⊗ E∗ allows us to identify the usual Σ index on the
basis with the dual of the index on KA. It is natural to normalise〈
JA,KB
〉
= δAB vol , (3.14)
where
〈
W,V
〉
denotes the natural pairing between a vector and the (weighted) dual vector.
The cubic invariant provides the intertwining maps (2.17) via
J0 = 15+n η
AB c(KA,KB , ·) ,
JA = ηABc(K0,KB , ·) . (3.15)
7The overall sign in η is chosen so as to allow a straightforward identification with the SO(5, n) metric
normally used in half-maximal supergravity [53].
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It will be helpful in what follows to also define
J0 = vol ·K∗0 , JA = ηAB vol ·K∗B , (3.16)
so that {K∗A} are a set on E∗, dual to {KA}, satisfying〈
K∗0 ,K0
〉
= 1 ,
〈
K∗A,KB
〉
= ηAB ,
〈
K∗0 ,KA
〉
=
〈
K∗A,K0
〉
= 0 . (3.17)
Having identified the matter content of the truncated theory, we now turn to its gaug-
ing. From the general discussion, this is determined by the intrinsic torsion of the structure,
which encodes an embedding tensor. Since in this case, the generalised vectors determine
the GS -structure, all the information of the intrinsic torsion should be encoded in (2.20),
namely
LKAKB = XAB
CKC . (3.18)
The analysis of gaugings of half-maximal supergravity in five dimensions can be found
in [53]. The embedding tensor has components fABC = f[ABC], ξAB = ξ[AB] and ξA. For
simplicity we will only discuss the case ξA = 0, although it would be straightforward to
include the general case ξA 6= 0. The remaining components have to satisfy the conditions
f[AB
EfCD]E = 0 , ξA
DfDBC = 0 , (3.19)
where the indices are raised/lowered using the SO(5, n) metric ηAB . Using the composite
index A = {0, A}, the components can be assembled into the gauge group generators
(XA)BC = XABC as:
XAB
C = −fABC , X0AB = −ξAB , (3.20)
with the other components vanishing. Then the (XA)BC generators satisfy the commutation
relations:
[XA,XB] = −XABCXC . (3.21)
Thus, in general, we expect that any consistent truncation (leading to a gauging with
ξA = 0) should have a generalised Lie derivative algebra (3.18) with the components of
XABC given by (3.20). Note that, in the generalised geometry, the algebraic conditions
fABC = f[ABC], ξAB = ξ[AB] follow from consistency of the generalised algebra (3.18) with
the conditions (3.8) and (3.10).
Having determined the number n of vector multiplets and the embedding tensor from
the generalised SO(5− n) structure, we have fully characterised the five-dimensional half-
maximal supergravity theory that is obtained after truncation. However we still need
to provide the truncation ansatz, namely the embedding of the lower-dimensional fields
into the higher-dimensional ones. This is necessary to uplift any solution of the lower-
dimensional theory. In order to be able to do this we need a further geometrical ingredient,
that is the construction of the generalised metric on the exceptional tangent bundle starting
from the generalised vectors defining the SO(5 − n) structure. This will be instrumental
to specifying the scalar truncation ansatz.
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3.2 The generalised metric
Recall that, in the generalised geometry reformulation, the generalised metric GMN can be
viewed as an element of the coset E6(6)×R+/(USp(8)/Z2). Here we have a GS = SO(5−n)
structure. Given the embedding (3.1), since G˜S ⊂ USp(8), the structure determines the
metric. Since the structure is completely determined by the vectors {KA} this means we
should be able to use them to construct G explicitly.
The easiest way to see how this construction works is to use the embedding (3.2).
The choice of K0 and K
∗
0 fixes the SO(1, 1) × SO(5, 5) ⊂ E6(6) subgroup and gives a
decomposition of the generalised tangent space (3.5). This in turn gives a decomposition
of the metric into orthogonal metrics on E0, E10 and E16 subspaces,
G = G0 +G10 +G16 . (3.22)
We can then use our knowledge of SO(5) × SO(5) ⊂ SO(5, 5) generalised structures to
construct the three pieces of the metric as:
G0(V, V ) =
〈
K∗0 , V
〉〈
K∗0 , V
〉
, (3.23)
G10(V, V ) = 2 δ
ab〈K∗a , V 〉〈K∗b , V 〉+ η(V, V ) , (3.24)
G16(V, V ) = −4
√
2 〈K1 · · ·K5 · V, V 〉 , (3.25)
where we have denoted the first five generalised vectors {Ka} by an index a = 1, . . . , 5.
Recall from (3.10) that these satisfy η(Ka,Kb) = −δab.
Let us explain these formulae. The metric G0 is simply obtained by projecting onto
the singlet. For G10, we use the fact that E10 is the generalised tangent bundle for the
SO(5, 5) geometry and that the structure SO(5)× SO(5) ⊂ SO(5, 5) induces a split of E10
into positive- and negative-definite eigenspaces
E10 = C+ ⊕ C− . (3.26)
Then the SO(5, 5) invariant metric η given in (3.9) and the generalised metric G10 can be
written as
η(V, V ) = G+ −G− ,
G10 = G+ +G− , (3.27)
where G± are metrics on C±. Since the Ka form a basis for C−, we have
G−(V, V ) = δab
〈
K∗a , V
〉〈
K∗b , V
〉
. (3.28)
Hence G10 = G+ +G− = 2G− + η, and we recover (3.24).
For G16 we recall that, given the SO(5)× SO(5) structure, the positive definite inner
product on SO(5, 5) spinors is 〈
Ψ,Γ(+)Ψ
〉
, (3.29)
where
〈·, ·〉 is the Mukai pairing and Γ(+) is the chirality operator on C+, that is
Γ+ = Γ+1 · · ·Γ+5 , (3.30)
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where we decompose the SO(5, 5) gamma matrices into {Γ+a } ∪ {Γ−aˆ } spanning C+ and
C−. In this case, the Mukai pairing is just the natural pairing between Ψ ∈ Γ(E) and
Ψ∗ ∈ Γ(E∗). Thus we can write G16 as
G16(V, V ) = −4
√
2
〈
K1 · · ·K5 · V, V
〉
, (3.31)
where the Clifford actions of Ka map between E and E
∗ and are given by
W ·Ψ := WMΓMΨ = c(W,Ψ, ·)
vol
∈ Γ(E∗) ,
W ·Ψ∗ := WMΓMΨ∗ = vol · c∗(W ∗,Ψ∗, ·) ∈ Γ(E) .
(3.32)
Here we define V ∗ = η(V, ·) ∈ Γ(E∗), and c∗(·, ·, ·) is the E6(6) cubic invariant on E∗. Note
that one does not need to project V onto E16 since as defined G16 will vanish identically
when acting on sections of E0 or E10.
We will also need the inverse generalised metric G−1, which acts on dual generalised
vectors Z ∈ Γ(E∗). Its expression is closely related to the one for G and reads
G−10 (Z,Z) = 〈Z,K0〉〈Z,K0〉 ,
G−110 (Z,Z) = 2δ
ab〈Z,Ka〉〈Z,Kb〉+ η−1(Z,Z) ,
G−116 (Z,Z) = −4
√
2 〈Z,K1 · · ·K5 · Z〉 , (3.33)
where η−1(Z,Z) = vol · c∗(K∗0 , Z, Z) is the inverse of the SO(5, 5) metric η.
3.3 The truncation ansatz
We provide here the main steps of the construction of the truncation ansatz, which is
entirely based on the generalised vectors KA defining the SO(5−n) structure. More explicit
formulae will be provided in the next sections, where we will specialise the formalism to
both type IIB supergravity or M-theory, and discuss some concrete examples.
We start from the ansatz for the vector fields. By taking the higher-dimensional
supergravity fields with one external index we make a generalised vector AMµ , where we
recall that µ is an external spacetime index whileM labels the components of a generalised
vector, which in E6(6) generalised geometry transform in the 27. We expand this generalised
vector as in (2.15)
AMµ (x, y) =
5+n∑
A=0
AAµ (x)KMA (y) , (3.34)
where AAµ are the five-dimensional supergravity vector fields. Similarly, the supergravity
fields with two antisymmetrised external indices can be arranged in a generalised tensor,
as a section of the bundle N . Exploiting the isomorphism N ≃ detT ∗M ⊗ E∗, we can
write this as a weighted dual vector Bµν M , and express the truncation ansatz (2.16) as
Bµν M (x, y) =
5+n∑
A=0
BµνA(x)JAM (y) . (3.35)
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The ansatz for the scalar fields is more elaborated as it requires the generalised metric.
This is specified by choosing a metric on the coset space (3.4), which is also the scalar man-
ifold of half-maximal supergravity in five dimensions. We parameterise the O(1, 1) factor
by a non-vanishing scalar Σ. The SO(5,n)
SO(5)×SO(n) factor is described by a coset representative
(VAa,VAa) ∈ SO(5, n) and its inverse (VaA,VaA)T , where a = 1, . . . , 5 and a = 1, . . . , n are
local SO(5) and SO(n) indices, respectively. The coset representative satisfies
ηAB = −δab VAaVBb + δab VAaVBb ,
MAB = δab VAaVBb + δab VAaVBb . (3.36)
Note that the matrix MAB is a metric on the coset, with inverse M
AB = ηACMCD η
DB .
The construction of the generalised metric now goes as follows. We introduce the
“dressed” generalised vectors
K˜0 = Σ
2K0 , K˜a = Σ
−1 VaAKA , K˜a = Σ−1 VaAKA , (3.37)
and their duals
K˜∗0 = Σ
−2K∗0 , K˜
∗
a = ΣVaAK∗A , K˜∗a = ΣVaAK∗A . (3.38)
The generalised metric and its inverse are defined as in (3.23)–(3.25), this time using
the dressed generalised vectors K˜0 and K˜a, a = 1, . . . , 5. The generalised metric is then
G = G0 +G10 +G16, with
G0(V, V ) = Σ
−4 〈K∗0 , V 〉〈K∗0 , V 〉 ,
G10(V, V ) = Σ
2
(
2 δabVaAVbB
〈
K∗A, V
〉〈
K∗B , V
〉
+ η(V, V )
)
,
G16(V, V ) = −4
√
2
5! Σ
−1 ǫabcdeVaAVbBVcCVdDVeE
〈
KA · · ·KE · V, V
〉
. (3.39)
Similarly, the inverse generalised metric G−1 = G−10 +G
−1
10 +G
−1
16 is given by
G−10 (Z,Z) = Σ
4
〈
Z,K0
〉〈
Z,K0
〉
,
G−110 (Z,Z) = Σ
−2
(
2 δabVaAVbB
〈
Z,KA
〉〈
Z,KB
〉
+ η−1(Z,Z)
)
,
G−116 (Z,Z) = −4
√
2
5! Σ ǫ
abcdeVaAVbBVcCVdDVeE
〈
Z,KA · · ·KE · Z
〉
. (3.40)
Notice that the SO(5)×SO(n) invariant matrices 2 δabVaAVbB =MAB−ηAB ,MABCDE =
ǫabcdeVaAVbBVcCVdDVeE are familiar from the construction of half-maximal supergravity
in five dimensions [53]. Also note that to get the correct power of Σ in the G16 and G
−1
16
expressions it is important to keep track of how many of the Clifford actions are with K˜a
and how many with K˜∗a .
The scalar ansatz is obtained by equating the inverse generalised metric with the one
obtained from the split frame [6, 35], which encodes all supergravity fields with purely
internal indices (including the warp factor of the external metric). By separating the
different tensorial structures on the internal manifold M , we obtain the scalar ansatz for
the individual higher-dimensional supergravity fields.
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4 Type IIB truncations
In this section we specialise our formalism to dimensional reductions of type IIB super-
gravity on five-dimensional manifolds. To this end, we first recall the details of type IIB
E6(6) geometry and present the truncation anzatz adapted to the type IIB fields. Then
we discuss concrete examples of consistent truncations. The first is the truncation on
squashed Sasaki–Einstein manifolds of [20, 21], leading to half-maximal supergravity cou-
pled to two vector multiplets. Although this truncation is not new and can be understood
based on ordinary SU (2) structure, it will serve to illustrate the validity of our approach in
a relatively simple case. This will also make clear how generalised goemetry fully charac-
terises the lower-dimensional theory even before the lower-dimensional Lagrangian is con-
structed from the truncation of the higher-dimensional equations of motion. We will then
consider a β-deformed Sasaki–Einstein manifold and will show that there is a consistent
truncation on such manifolds leading to the same half-maximal supergravity obtaind from
the Sasaki–Einstein truncation. This truncation includes the supersymmetric, β-deformed
AdS5 solution.
4.1 E6(6) geometry for type IIB
We recall here some basic definitions of the E6(6) generalised geometry for type IIB super-
gravity on a five-dimensional manifoldM . A more detailed account is given in Appendix A
following the conventions of [55, App. E].
It is convenient to decompose the generalised tangent bundle E, whose fibers transform
in the 27 of E6(6), according to the GL(5)× SL(2) subgroup of E6(6)
E ≃ TM ⊕ (T ∗M ⊕ T ∗M)⊕ Λ3T ∗M ⊕ (Λ5T ∗M ⊕ Λ5T ∗M) , (4.1)
where the two copies of T ∗M and the two copies of Λ5T ∗M transform as SL(2) doublets.
A generalised vector can be written as
V = v + λα + ρ+ σα , (4.2)
where v is a vector, λα is an SL(2) doublet of one-forms, ρ is a three-form and σα is
an SL(2) doublet of five-forms, α = {+,−} being the SL(2) index. The dual bundle
decomposes accordingly as
E∗ ≃ T ∗M ⊕ (TM ⊕ TM)⊕ Λ3TM ⊕ (Λ5TM ⊕ Λ5TM) , (4.3)
with sections
Z = vˆ + λˆα + ρˆ+ σˆα , (4.4)
where vˆ is a one-form, λˆα is an SL(2) doublet of vectors, ρˆ is a three-vector, and σˆα is an
SL(2) doublet of five-vectors. The natural pairing between a generalised vector and a dual
one is 〈
Z, V
〉
= vˆmv
m + λˆmα λ
α
m +
1
3! ρˆ
mnpρmnp +
1
5! σˆ
mnpqr
α σ
α
mnpqr . (4.5)
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The cubic invariant is defined on E and E∗, respectively, as
c(V, V, V ) = −3 (ιvρ ∧ ρ+ ǫαβ ρ ∧ λα ∧ λβ − 2 ǫαβ ιv λασβ) , (4.6)
c∗(Z,Z,Z) = −3 (vˆyρˆ ∧ ρˆ+ ǫαβ ρˆ ∧ λˆα ∧ λˆβ − 2 ǫαβ vˆy λˆασˆβ) . (4.7)
The bosonic fields of type IIB supergravity are the metric, the dilaton φ, the axion C0,
an SL(2) doublet of two-form potentials Bˆα (Bˆ+ being the NSNS two-form and Bˆ− being
the RR one), a self-dual four-form Cˆ, and a doublet of six-form potentials ˆ˜Bα that are on-
shell dual to the two-forms.8 When dimensionally reducing on a five-dimensional manifold,
the ten-dimensional fields are decomposed according to the SO(1, 9) ⊃ SO(1, 4) × SO(5)
splitting of the Lorentz group. We will use coordinates xµ, µ = 0, . . . , 4 for the external
spacetime and ym, m = 1, . . . , 5 for the internal manifold M . Then the type IIB metric
takes the form
g10 = e
2∆ gµν dx
µdxν + gmnDy
mDyn , (4.8)
where Dym = dym−hµmdxµ and ∆(x, y) is the warp factor of the external metric gµν(x).
The form fields decompose as
Bˆα = 12 B
α
m1m2Dy
m1m2 +Bαµmdx
µ ∧Dym + 12 Bαµνdxµν ,
Cˆ = 14!Cm1...m4Dy
m1...m4 + 13!Cµm1m2m3dx
µ ∧Dym1m2m3 + 14Cµνm1m2dxµν∧Dym1m2 + . . . ,
ˆ˜Bα = 15! B˜
α
µm1...m5dx
µ∧Dym1...m5 + 12·4! B˜αµνm1...m4dxµν∧Dym1...m4 + . . . , (4.9)
where dxµν = dxµ ∧ dxν and Dym1...mp = Dym1 ∧ · · · ∧Dymp . The ellipsis denote forms
with more than two external indices which we will not need. The expansion in Dy instead
of dy ensures covariance of the components under internal diffeomorphisms.
As discussed in e.g. [56, 57], covariance under generalised diffeomorphisms also requires
a redefinition of the barred fields in the expansion above. We adopt a notation such
that Bµ,p indicates the components of a one-form in the external spacetime which are p-
forms in the internal manifold. Similarly, Bµν,p are the components of a two-form in the
external spacetime that are p-forms in the internal manifold. We perform the following
field redefinitions of the one-forms in the external spacetime:
Bαµ,1 = B
α
µ,1 ,
Cµ,3 = Cµ,3 +
1
2
ǫαβB
α
µ,1 ∧Bβ ,
B˜αµ,5 = B˜
α
µ,5 − 12 Bαµ,1 ∧ C − 12 Cµ,3 ∧Bα , (4.10)
where Bα, C are just internal. The external two-forms are redefined as
Bαµν = B
α
µν + h[µyB
α
ν] ,
Cµν,2 = Cµν,2 +
1
2 ǫαβB
α
µν B
β ,
B˜αµν,4 = B˜
α
µν,4 +
1
2 B
α
µν C +
1
2 Cµν,2 ∧Bα −Bα[µ,1 ∧Cν],3 . (4.11)
8In this subsection the symbol hat denotes ten-dimensional fields.
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The new (unbarred) fields transform covariantly both under internal diffeomorphisms and
form gauge transformations, that is under generalised diffeomorphisms.
The next step is to arrange the redefined fields into the inverse generalised metric GMN ,
the generalised vectors AMµ and the tensors BµνM . The generalised metric is made by all
the type IIB supergravity fields with only internal indices, including the warp factor ∆,
GMN ↔ {∆, gmn, φ, C0, Bαm1m2 , Cm1...m4} . (4.12)
Its precise expression is given in (A.23). The fields with one external index can be arranged
into the generalised vector AMµ ∈ Γ(E),
AµM = {hµm, Bαµm, Cµm1m2m3 , B˜αµm1...m5} . (4.13)
Similarly the fields with two external indices form the generalised tensor Bµν M , that is a
section of N ≃ detT ∗M ⊗ E∗ (see (A.11), (A.12) for its GL(5) × SL(2) decomposition),
Bµν M = {Bµν α, Cµνm1m2 , B˜µνm1...m4 α, g˜µνm1...m5,n} . (4.14)
Here, the SL(2) index α on the type IIB fields has been lowered with ǫαβ, and g˜ ∈
Γ(Λ7T ∗M10 ⊗ T ∗M10) is a tensor related to the dual graviton in ten dimensions. The
latter is not part of type IIB supergravity in its standard form and will not play a role in
the specific truncations we will discuss below.
We have thus decomposed the ten-dimensional tensors according to their external or
internal legs and repackaged the components into generalised geometry objects. We can
then specify the dependence of these fields on the internal coordinates by making the
consistent truncation ansatz described in Section 3.3.
4.2 Truncation from generalised SU (2) structure on Sasaki–Einstein manifolds
We discuss type IIB supergravity on a five-dimensional a Sasaki–Einstein manifold M ,
which admits a consistent truncation to half-maximal gauged supergravity with two vector
multiplets [20], see also [21, 58, 59].
4.2.1 Generalised SU (2) structure
Five-dimensional Sasaki–Einstein (SE5) structures are examples of ordinary SU (2) struc-
tures, whose torsion is also an SU (2)-singlet. The SU (2) structure is defined by a vector
ξ, a one-form η and a triplet of real two-forms ji, i = 1, 2, 3, satisfying the compatibility
conditions9
ξyji = 0 ξyη = 1 ,
ji ∧ jj = 0 for i 6= j , 12 ji ∧ jj ∧ η = δij vol ,
(4.15)
where vol is the volume form compatible with the SE5 metric
gSE5 = gKE + η
2 , (4.16)
9The ji are identified with the forms used in eq. (2.6) as j3 = ω and j1 + i j2 = Ω.
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which is taken with canonical normalization Rmn = 4gmn. Locally this metric describes a
fibration over a four-dimensional Ka¨hler-Einstein base with metric gKE. In a neighbour-
hood, the fibre direction corresponds to the orbit of the vector ξ, which is also an isometry
and is called the Reeb vector. In addition the SU (2) invariant forms satisfy the differential
conditions
dη = 2j3 , dj3 = 0 , d(j1 + i j2) = 3 i η ∧ (j1 + i j2) . (4.17)
The AdS5× SE5 supersymmetric solution of type IIB supergravity has string frame metric
g10 = ℓ
2 (gAdS5 + gSE5) , (4.18)
where gAdS5 is the unit AdS5 metric and ℓ sets the overall scale. The solution also contains
a non-trivial self-dual five-form flux whose internal part is proportional to the SE5 volume,
F fl = dC = κ vol , ξyC = 0 , (4.19)
where κ is a constant related to the overall scale as ℓ4 = κ4 e
φ0 .10 The second expression
in (4.19) is just a convenient gauge choice for the four-form potential.
The consistent truncation was originally constructed by expanding the type IIB su-
pergravity fields in the most general way possible in the basis of SU (2)-singlets given
above [20, 21]. We now show how this truncation is easily derived from E6(6) generalised
geometry; this will also give the opportunity to illustrate the general statements made in
Section 3 in a concrete example. We thus lift the Sasaki–Einstein SU (2) structure to the
generalised tangent bundle, and take GS = SU (2) ⊂ USp(4). Under
USp(8) ⊃ USp(4)R × USp(4) ⊃ USp(4)R ×U (1)× SU (2)S , (4.20)
the spinorial representation decomposes as
8→ (4,1) ⊕ (1,4)→ (4,1) ⊕ (1,21)⊕ (1,2−1) , (4.21)
so we have precisely four GS-singlets and the truncation preserves half-maximal supersym-
metry. In order to count the vector fields in the truncation, we embed SU (2) ∼ SO(3) in
E6(6)
E6(6) ⊃ SO(5, 5) × SO(1, 1) ⊃ SO(1, 1) × SO(5, 2) × SO(3)S , (4.22)
and decompose the fundamental representation of E6(6),
27→ 102 ⊕ 16−1 ⊕ 1−4 → (7,1)2 ⊕ (1,3)2 ⊕ (8,2)−1 ⊕ (1,1)−4 . (4.23)
We find 8 singlets of SO(3), 7 transforming in the fundamental of SO(5, 2) and one neutral.
This matches the vector field content of half-maximal supergravity coupled to two vector
multiplets.
From (4.20), (4.22), we see that the scalar manifold of the truncated theory is
Mscal =
CE6(6)(SU (2)S)
CUSp(8)(SU (2)S)
= SO(1, 1) × SO(5, 2)
SO(5) × SO(2) , (4.24)
10The parameter κ is related to the N units of five-form flux as κ = 27piN .
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that is the scalar manifold of half-maximal supergravity coupled to two vector multiplets.11
The eight generalised vectors KA, with A = {0, A} = 0, 1, . . . , 7, defining the gen-
eralised SU (2) structure are constructed from the tensors defining the ordinary SU (2)
structure on the Sasaki–Einstein manifold. For the generalised vectors to contain all the
information about the background, we should also include a twist by the four-form C
satisfying (4.19),
KA = eCKˇA , (4.25)
where KˇA denotes the untwisted vectors and the adjoint action of C on a generalised vector
is given in (A.10). We find that the generalised SU (2) structure is defined by
K0 = ξ ,
Ki =
1√
2
η ∧ ji i = 1, 2, 3 ,
K4 =
1√
2
(n η − r vol − n η ∧ C) ,
K5 =
1√
2
(−r η − n vol + r η ∧C) ,
K6 =
1√
2
(n η + r vol − n η ∧ C) ,
K7 =
1√
2
(−r η + n vol + r η ∧C) , (4.26)
where
nα =
(
1
0
)α
, rα =
(
0
1
)α
(4.27)
are a basis for the SL(2) doublets. Using (4.6) for the cubic invariant, it is straightforward
to verify that the compatibility relations (3.8), (3.10) are satisfied, with n = 2.
We will also need the dual vectors K∗A. Evaluating (3.15), (3.16), we find that these
are
K∗0 = η ,
K∗i = − 1√2 jˆi ∧ ξ , i = 1, 2, 3 ,
K∗4 =
1√
2
(− rˆ ξ + nˆ Cyvˆol + nˆ vˆol) ,
K∗5 =
1√
2
(
nˆ ξ + rˆ Cyvˆol + rˆ vˆol
)
,
K∗6 =
1√
2
(
rˆ ξ + nˆ Cyvˆol + nˆ vˆol
)
,
K∗7 =
1√
2
(− nˆ ξ + rˆ Cyvˆol + rˆ vˆol) , (4.28)
where jˆi, are the two-vectors dual to the two forms ji, vˆol is the five-vector dual to the
volume form, and
rˆα = ǫαβ r
β =
(
1
0
)
α
, nˆα = −ǫαβ nβ =
(
0
1
)
α
. (4.29)
11Precisely the same group-theoretical arguments described here were used in [60, 61] to identify a con-
sistent truncation of maximal SO(6) supergravity to half-maximal supergravity with two vector multiplets.
Although the matter content of the five-dimensional theory is the same, the gauging is different.
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The gauging of the five-dimensional theory is obtained by computing the generalised
Lie derivative between the set of generalised vectors, as in (3.18). The definition of the
type IIB generalised Lie derivative can be found in (A.16). We find that the algebra closes
into the non-vanishing structure constants
X01
2 = −X021 = 3 ,
X04
5 = −X054 = −X047 = −X074 = X056 = X065 = −X067 = X076 = κ
2
,
X34
5 = −X347 = −X354 = X356 = X365 = −X367 = −X374 = X376 =
√
2 ,
X45
3 = X47
3 = −X563 = X673 =
√
2 , (4.30)
where the terms in the last two lines are antisymmetric in the lower indices. From (3.20)
we conclude that the embedding tensor components are
ξ12 = 3 , ξ45 = ξ47 = −ξ56 = ξ67 = κ
2
,
f345 = f347 = −f356 = f367 =
√
2 . (4.31)
This is fully consistent with the embedding tensor found in [20].12 As discussed there,
the corresponding gauge algebra is Heis3×U (1), where Heis3 is the three-dimensional
Heisenberg algebra. The remaining four generators, that transform in a non-adjoint repre-
sentation of the gauge algebra, determine the vector fields that are eaten-up by two-form
fields via a Stu¨ckelberg mechanism.
4.2.2 Generalised metric
In order to recover the scalar truncation ansatz we need to construct the generalised metric
evaluating the formulae (3.40). We first derive the generalised metric for the background
solution AdS5×SE5 using (3.33), since this is simpler and it allows one to see how the
construction works. Then in the next subsection we will discuss the generalised metric for
the dressed generalised vectors, allowing for general Σ, V, and extract the scalar ansatz.
For simplicity, we also momentarily set the four-form C to zero, that is we work with the
untwisted vectors, and reintroduce it in a second step.
Recalling the decomposition (4.4) of the arbitrary dual generalised vector Z, we find
that G−10 in (3.40) is
G−10 (Z,Z) = (ξ
mvˆm)
2 , (4.32)
while the two terms defining G−110 evaluate to
2δab〈Z,Ka〉〈Z,Kb〉 = 1
4
∑
i=1,2,3
(
ηmji np ρˆ
mnp
)2
+
∑
α=1,2
(ηmλˆ
m
α )
2+
1
5!
∑
α=1,2
(σˆmnpqrα )
2 , (4.33)
12The precise matching between the embedding tensor components in (4.31) and those in [20, eq. (4.20)]
is obtained upon renaming the indices (1234567)here = (3451267)there (which can be achieved by a trivial
SO(5) transformation), multiplying all components in (4.31) by −√2 (which is a harmless rescaling of the
gauge group generators) and noticing from comparing the five-form fluxes that κhere = 2kthere.
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and
c∗(K∗0 , Z, Z)
vˆol
= − 1
12
ηmρˆ
mnpρˆqrsǫnpqrs + 2 ǫ
αβ ηmλˆ
m
α ∗σˆβ . (4.34)
The term involving the ji projects ηmρˆ
mnp on its anti-self-dual part on the Ka¨hler-Einstein
basis, hence it can be written as
1
4
∑
i
(
ηmji npρˆ
mnp
)2
=
1
4
(
ηmρˆ
mnp − 1
2
ηmǫ
mnpqrρˆqrsη
s
)2
=
1
2
(ηmρˆ
mnp)2 +
1
12
ηmρˆ
mnpρˆqrsǫnpqrs . (4.35)
Adding up the two contributions we obtain
G−110 (Z,Z) =
∑
α=1,2
(ηmλˆ
m
α )
2 +
1
2
(ηp ρˆ
pmn)2 +
1
5!
∑
α=1,2
(σˆmnpqrα )
2 . (4.36)
We see that the tensor structure of G−10 and G
−1
10 is such that at least one index is along
the fiber of the Sasaki–Einstein manifold. It remains to evaluate G−116 : as explained in
the general discussion of Section 3, this is obtained by the recursive Clifford action of K5,
K∗4 ,K3,K∗2 ,K1 on a dual vector Z, and by finally pairing up the resulting vector with Z
itself. After a long but relatively straightforward computation, we find
G−116 (Z,Z) = g
mn
KE vˆmvˆn + δ
αβgKEmn λˆ
m
α λˆ
m
β +
1
6 g
KE
mq g
KE
nr g
KE
ps ρˆ
mnpρˆqrs . (4.37)
Hence G−116 is just a generalised metric on the four-dimensional Ka¨hler-Einstein base.
Adding up the three contributions, we arrive at
G−1(Z,Z) = gmnvˆmvˆn + δαβgmnλˆmα λˆ
m
β +
1
6 ρˆ
mnpρˆmnp + δ
αβ σˆmnpqrα σˆβ,mnpqr , (4.38)
where gmn is the Sasaki–Einstein metric (4.16), which is also used to lower the curved
indices in the last two terms.
The metric associated with the twisted generalised vectors KA = eCKˇA is easily ob-
tained by recalling that the E6(6) cubic invariant is preserved by the twist,
c(eCV, eCV ′, eCV ′′) = c(V, V ′, V ′′) . (4.39)
This means that the generalised metric with non-trivial four-form potential can be com-
puted using the untwisted K’s ((4.26) with C = 0) and e−CZ. Thus, to reintroduce C, it
is sufficient to consider (4.38) and to make the following substitutions
vˆ → vˆ + ρˆyC ,
λˆα → λˆα − Cyσˆα . (4.40)
Comparing the generalised metric and (A.23) with only non-zero gmn and four-form C, we
recover the metric and four-form potential of the AdS5×SE5 solution of type IIB super-
gravity.
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4.2.3 Recovering the truncation ansatz
In [20], the scalar truncation ansatz based on the Sasaki–Einstein structure is given in the
Einstein frame by13
g10 = e
− 2
3
(4U+V )gµνdx
µdxν + e2UgKE + e
2V η2
B+ = bi ji , B
− = ci ji , C = C fl − a j3 ∧ j3 , (4.41)
where {U, V, bi, ci, a}, with i = 1, 2, 3, together with the axion C0 and the dilaton φ, are
eleven scalar fields depending just on the external coordinates, and C fl is the background
four-form potential that we called C in the previous subsection, satisfying (4.19). These
eleven scalars parameterise the coset manifold (4.24). Specifically, the SO(1, 1) factor is
parameterised by the combination Σ = e−
2
3
(U+V ). For the SO(5,2)
SO(5)×SO(2) coset representative,
it is convenient to use a solvable parametrization, which is obtained exponentiating the
Cartan and positive root generators of the coset. The explicit form of {VAb,VAb} (with
b = 1, . . . , 5 and b = 1, 2) chosen in [20] reads14

1 0 0 e−
φ1
2 (−c1 + C0b1) −e−
φ2
2 b1 e
−
φ1
2 (c1 − C0b1) e−
φ2
2 b1
0 1 0 e−
φ1
2 (−c2 + C0b2) −e−
φ2
2 b2 e
−
φ1
2 (c2 − C0b2) e−
φ2
2 b2
0 0 1 e−
φ1
2 (−c3 + C0b3) −e−
φ2
2 b3 e
−
φ1
2 (c3 − C0b3) e−
φ2
2 b3
c1 c2 c3
e−
φ1
2
2 (e
φ1 + c− + C0a+)
e
φ2
2
2 C0 − e
−
φ2
2
2 a+
e−
φ1
2
2 (e
φ1 − c− − C0a+) e
φ2
2
2 C0 +
e−
φ2
2
2 a+
b1 b2 b3
e−
φ1
2
2 (a− − C0b−) e
−
φ2
2
2 (e
φ2 + b−)
e−
φ1
2
2 (−a− + C0b−) e
−
φ2
2
2 (e
φ2 − b−)
c1 c2 c3
e−
φ1
2
2 (e
φ1 − c+ + C0a+) e
φ2
2
2 C0 − e
−
φ2
2
2 a+
e−
φ1
2
2 (e
φ1 + c+ − C0a+) e
φ2
2
2 C0 +
e−
φ2
2
2 a+
b1 b2 b3
e−
φ1
2
2 (a− + C0b+)
e−
φ2
2
2 (e
φ2 − b+) e
−
φ1
2
2 (−a− − C0b+) e
−
φ2
2
2 (e
φ2 + b+)


(4.42)
where we defined φ1 = 4U − φ, φ2 = 4U + φ, and
a+ = 2a+ bici , a− = 2a− bici ,
b+ = 1 + bibi , b− = 1− bibi ,
c+ = 1 + cici , c− = 1− cici . (4.43)
Note that the solvable parameterisation has a nice interpretation in terms of E6(6)
adjoint action (recall (A.9))(
K˜a
K˜a
)
= e−(B
++B−+C) ·m · r · e−l ·
(
Ka
Ka
)
= Σ−1
(VaB
VaB
)
KB , (4.44)
where
B+ = bi ji , B
− = ci ji , C = −a j3 ∧ j3 , mαβ =
(
e
φ
2 0
e
φ
2C0 e
−φ
2
)
, (4.45)
13Compared to [20] we have renamed b1 = Reb
Ω, b2 = Imb
Ω, b3 = b
J , and similarly for ci.
14Compared to [20], we have renamed the indices (1234567)here = (3451267)there via an SO(5) transfor-
mation.
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r = diag
(
eV , eU , eU , eU , eU
)
, l = 13 tr(r) =
1
3 (4U + V ) (4.46)
so that the action is by only supergravity fields, with no need to introduce the poly-vector
components in the E6(6) adjoint.
15
Having chosen an explicit parameterisation of the coset representative V, we can com-
pute the full generalised metric using formula (3.40). This will depend on the eleven scalars
{U, V,C0, φ, bi, ci, a}. Comparing the expression obtained in this way with form (A.23) of
the generalised metric, we can extract the truncation ansatz for the supergravity fields gmn,
C0, φ, B
α
mn, Cmnpq, as well as the warp factor ∆.
16
Although straightforward in principle, the computations are lengthy and we just discuss
the final result. The warp factor is easily extracted using (A.24), (A.25) and reads17
e2∆ = e−
2
3
(4U+V ) , (4.47)
while the internal metric is given by
e−2∆(G−1)mn = gmn = e−2UgmnKE + e
−2V ξmξn . (4.48)
Proceeding in a similar way for the other supergravity fields, we recover precisely the scalar
ansatz (4.41).
The ansatz for the five-dimensional vectors follows straightforwardly from (3.34). We
construct the linear combination of generalised vectors AAµKA, where the coefficients AAµ
are vectors in five dimensions, and we equate it to the generalised vector (4.13), with the
fields Bαµ,1, Cµ,3, and B˜
α
µ,5 being defined as in (4.10). Separating the fields transforming in
different representations of GL(5), we find:
hµ = A0µ ξ ,
B+µ,1 =
1√
2
(A4µ +A6µ) η ,
B−µ,1 = − 1√2
(A5µ +A7µ) η ,
Cµ,3 =
1√
2
Aiµ ji ∧ η ,
B˜+µ,5 = − 1√2
(A5µ −A7µ) vol+ 1√2 (A4µ +A6µ)C fl ∧ η ,
B˜−µ,5 = − 1√2
(A4µ −A6µ) vol+ 1√2 (A5µ +A7µ)C fl ∧ η . (4.49)
The ansatz for the two-form fields follows from (3.35). The weighted dual vectors JA
can be computed by multiplying the dual vectors K∗A in (4.28) by the internal volume form
15The GL(5) matrix r is given in the basis of vielbeine that makes the metric diagonal. This should not
be confused with the SL(2) doublet rα.
16 Aminor subtlety is that the truncation of [20] was derived in the Einstein frame of type IIB supergravity,
while the generalised metric in (A.23) is adapted to the string frame; however (A.23) can be turned to
the Einstein frame by simply ignoring the explicit factors of e−φ appearing there, and we do so in our
computation.
17In this case ∆ is not really a warp factor as it is independent of the internal coordinates. It is just a
Weyl rescaling setting the external metric in the Einstein frame.
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as in (3.16). Doing so we find:
J0 = vol⊗ η ,
J i = 1√
2
ji ,
J4 = 1√
2
(−nˆ+ rˆ vol4−nˆ C fl) ,
J5 = 1√
2
(−rˆ − nˆ vol4−rˆ C fl) ,
J6 = 1√
2
(nˆ+ rˆ vol4+nˆ C
fl) ,
J7 = 1√
2
(rˆ − nˆ vol4+rˆ C fl) , (4.50)
where we defined vol4 = ξy vol. Equating BµνAJAM to the weighted dual vector (4.14)
and separating the terms in different GL(5) representations, we find
Bµν,0+ =
1√
2
(Bµν 7 − Bµν 5) ,
Bµν,0− = 1√2 (Bµν 6 − Bµν 4) ,
Cµν,2 =
1√
2
Bµν i ji ,
B˜µν,4+ =
1√
2
(Bµν 4 + Bµν 6) vol4+ 1√2 (Bµν 7 − Bµν 5)C
fl ,
B˜µν,4− = − 1√2 (Bµν 5 + Bµν 7) vol4+
1√
2
(Bµν 6 −Bµν 4)C fl . (4.51)
The tensor g˜ associated with the dual graviton would be expanded as Bµν 0 vol⊗η, but we
will not need this.
This ansatz for the one-form and two-form fields agrees with the one of [20]. We have
thus shown how the full bosonic truncation ansatz for type IIB supergravity on Sasaki–
Einstein manifolds can be derived from our general approach to half-maximal truncations.
We observe that the particular Sasaki–Einstein manifold given by the T 1,1 = SU (2)×SU (2)
U (1)
coset space admits a further reduced U (1) ⊂ SU (2) structure. In the generalised geome-
try, this introduces an additional singlet vector K8 = η ∧Φ, where Φ in the only harmonic
two-form in the Sasaki–Einstein metric on T 1,1. On T 1,1 one can also twist the generalised
tangent bundle by NSNS and RR three-form fluxes proportional to the cohomologically
non-trivial three-form η∧Φ. Following the same steps as above including the extra vector,
we would retrieve the larger consistent truncation of [51, 52], yielding half-maximal gauged
supergravity coupled to three vector multiplets.
4.3 Truncations for β-deformed backgrounds
It was shown in [19] that for any AdS5 solution to type IIB supergravity preserving minimal
supersymmetry, and hence dual to an N = 1 SCFT4, there is a consistent truncation to
pure gauged supergravity in five dimensions containing that AdS5 solution. A class of such
backgrounds is provided by the β-deformation of Lunin and Maldacena [22]. For the case
where the internal manifold is S5, the explicit truncation ansatz of type IIB supergravity
on the β-deformed geometry to pure gauged supergravity has been given very recently in
[23]. Here we show that if one starts from a toric Sasaki–Einstein manifold, the generalised
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SU (2) structure of the β-deformed background allows for a much larger truncation. The
resulting five-dimensional supergravity is in fact just the same half-maximal supergravity
with two vector multiplets that arises from type IIB supergravity on squashed Sasaki–
Einstein manifolds. One way to see this is to observe that the full truncation ansatz on
toric Sasaki–Einstein manifolds can be β-deformed.
4.3.1 The β-deformed T 1,1 background
In [22], Lunin and Maldacena showed that, given an N = 1 background with two U (1)
isometries commuting with the R-symmetry, a new supersymmetric solution can be ob-
tained by applying a TsT transformation, namely a sequence of T-duality along one of the
U (1), a shift along the second U (1) and another T-duality along the first one. Any toric
Sasaki–Einstein manifold can be deformed in this way. We will present explicit formulae
for the T 1,1 manifold, however our results apply to any toric Sasaki–Einstein five-manifold.
The canonically normalised Sasaki–Einstein metric on T 1,1 is
gSE5 =
1
6
∑
i=1,2
(
dθ2i + sin
2 θidφ
2
i
)
+
1
9
(dψ + cos θ1dφ1 + cos θ2dφ2)
2 , (4.52)
and for the internal part of the four-form potential satisfying (4.19) we choose the gauge
C = − κ
108
ψ sin θ1 sin θ2 dθ1 ∧ dφ1 ∧ dθ2 ∧ dφ2 . (4.53)
The dilaton is constant and all other fields vanish, φ = φ0 = const, C0 = B
α = 0.18
The β-deformed solution19 given in [22] reads
g10 = ℓ
2
{
gAdS5 +
sin2 θ1 sin
2 θ2
324f
dψ2 +
1
6
(
dθ21 + dθ
2
2
)
+ G
[
h
(
dφ1 +
cos θ1 cos θ2
9h
dφ2 +
cos θ1
9h
dψ
)2
+
f
h
(
dφ2 +
cos θ2 sin
2 θ1
54f
dψ
)2]}
,
e2φ = e2φ0G ,
B+ = 2γℓ4 Gf
(
dφ1 +
cos θ1 cos θ2
9h
dφ2 +
cos θ1
9h
dψ
)
∧
(
dφ2 +
cos θ2 sin
2 θ1
54f
dψ
)
,
B− =
κγ
54
cos θ1 sin θ2 dθ2 ∧ dψ ,
F fl = κG volSE , (4.54)
where ℓ4 = κ4 e
φ0 and γ is a real parameter. Moreover one has the functions
G−1 = 1 + 4γ2ℓ4f ,
h =
cos θ21
9
+
sin2 θ1
6
, f =
1
54
(
cos2 θ2 sin
2 θ1 + cos
2 θ1 sin
2 θ2
)
+
1
36
sin2 θ1 sin
2 θ2 .
(4.55)
18The axion C0 is set to zero for simplicity, although any constant value would be allowed.
19This is a solution for a real deformation β. The generalisation to a complex deformation is straightfor-
ward and amounts to an SL(2,R) rotation.
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4.3.2 The β-deformation in generalised geometry
We next show that the type IIB β-deformation has a very simple interpretation in gen-
eralised geometry as the E6(6) action by a bi-vector with components along the two U(1)
isometries commuting with the Reeb vector.20 For the T 1,1 metric (4.52), these correspond
to the rotations by angles φ1 and φ2. Then the β deformed solution is generated by the
bivector
βα =
(
0
β
)
=
(
0
−2γ ∂φ1 ∧ ∂φ2
)
, (4.56)
where γ is a real constant. This acts on a generalised vector V = v + λα + ρ + σα in the
adjoint of E6(6) as (see (A.9)):
V ′ = eβ · V = V + β · V
= (v − ǫαββαyλβ) + (λα + βαyρ) + (ρ+ ǫαββαyσβ) + σα . (4.57)
In particular it is easy to show that the deformation (4.56) maps the generalised vector
KA, (4.26), defining the generalised SU(2) structure into new generalised vectors
K ′0 = ξ ,
K ′i =
1√
2
[rβy (η ∧ ji) + η ∧ ji] i = 1, 2, 3 ,
K ′4 =
1√
2
[−βyη + n η + βy (η ∧ C)− r vol − n η ∧ C] ,
K ′5 =
1√
2
[βyη − r η + βyvol − n vol + r η ∧ C] ,
K ′6 =
1√
2
[−βyη + n η + βy (η ∧ C) + r vol − n η ∧ C] ,
K ′7 =
1√
2
[βyη − r η − βyvol + n vol + r η ∧ C] , (4.58)
that are still globally defined. Since the new KA, A = 0, . . . , 7, are obtained from the
original ones by an E6(6) transformation, they still satisfy the conditions (3.8), (3.10)
with n = 2, and therefore define a generalised SU (2) structure. Moreover, evaluating
the generalised Lie derivative between them, one can check that they satisfy exactly the
same algebra (4.30) as the original generalised vectors associated with the Sasaki–Einstein
structure.
We conclude that there exists a consistent truncation on the β-deformed geometry,
which leads to the very same five-dimensional half-maximal gauged supergravity obtained
via reduction on Sasaki–Einstein manifolds.
To compute the algebra for the deformed generalised vectors it is helpful to make an
explicit choice of parametrisation for the SU(2) structure on T 1,1. We introduced the
20Similarly, the β-deformation of AdS4 solutions to M-theory is generated by a tri-vector in E7(7) gener-
alised geometry, see [62].
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coframe one-forms
e1 =
1
3
(dψ + cos θ1dφ1 + cos θ2dφ2) , e
2 =
1√
6
(
cos ψ2 sin θ1dφ1 − sin ψ2 dθ1
)
,
e3 =
1√
6
(
sin ψ2 sin θ2dφ2 + cos
ψ
2 dθ2
)
, e4 =
1√
6
(
cos ψ2 sin θ2dφ2 − sin ψ2 dθ2
)
,
e5 =
1√
6
(
sin ψ2 sin θ1dφ1 + cos
ψ
2 dθ1
)
, (4.59)
such that the Sasaki–Einstein metric (4.52) is gSE =
∑5
a=1(e
a)2, and the SU(2) structure
(4.15) is given by
ξ = −3 ∂ψ , η = −e1 ,
j1 = e
24 + e35 , j2 = e
23 − e45 , j3 = e25 − e34 .
(4.60)
The RR four-form potential satisfying (4.19) can be written as
C = −16κψ j3 ∧ j3 . (4.61)
For completeness we can also list the β-deformed generalised dual vectors
K∗′0 = η − nβyη ,
K∗′i = − 1√2
(
jˆi ∧ ξ − β ∧ jˆi ∧ ξ
)
, i = 1, 2, 3 ,
K∗′4 =
1√
2
(
−rˆ ξ + nˆ Cyvˆol − β ∧ Cyvˆol + nˆ vˆol
)
,
K∗′5 =
1√
2
(
nˆ ξ + rˆ Cyvˆol− β ∧ ξ + rˆ vˆol
)
,
K∗′6 =
1√
2
(
rˆ ξ + nˆ Cyvˆol− β ∧ Cyvˆol + nˆ vˆol
)
,
K∗′7 =
1√
2
(
−nˆ ξ + rˆ Cyvˆol + β ∧ ξ + rˆ vˆol
)
. (4.62)
As for the Sasaki–Einstein case, the inverse generalised metric is computed by plugging
the β-deformed generalised vectors and their duals in (3.33). The computation is long but
relatively straightforward. Comparing the result with (A.23), we can then extract the
supergravity fields describing the β-deformed solution. We illustrate here the main steps.
From (A.25) one finds that the deformed solution has trivial warp factor
e∆
′
= (detH)−1/20 = 1 . (4.63)
The inverse metric (G−1)mn = gmn reproduces the metric in (4.54),
g′5 =
1
6
∑
i=1,2
(dθ2i + G sin θidφ2i ) +
1
9
G(dψ + cos θ1dφ1 + cos θ2dφ2)2 + γ
2
81
G sin2 θ1 sin2 θ2dψ2 ,
(4.64)
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which we have written in a way that will make the comparison with the truncation ansatz
easier. The relation
B′αmn = Gm[p(G
−1)pαn] , (4.65)
gives the NS and RR two-form potentials
B′+ = γ G [2fdφ1 ∧ dφ2 + 127 (sin2 θ1 cos θ2 dφ1 − sin2 θ2 cos θ1 dφ2) ∧ dψ] ,
B′− = −κγ
54
sin θ1 sin θ2 dθ1 ∧ dθ2 . (4.66)
While the NS two-form is exactly the same as in (4.54), the RR two-form is related to the
one of [22] by a gauge transformation B−LM = B
′− + dΛ with Λ = −γκ54ψ cos θ1 sin θ2dθ2.
Next we use the component (G−1)α βmn in (A.23) to extract the axio-dilaton
e−φ
′
hαβ =
1
5
[
(G−1)mn(G−1)α βnm + (G
−1)mαn(G
−1)nβm
]
=
(
1 0
0 G−1
)
. (4.67)
From (A.19) we see that C0 is zero (as we set it to zero in the undeformed solution) and the
dilaton reproduces the one in the solution of [22]. Finally, from the component (G−1)mnpq
we find the four-form potential
C ′ =
κψ
108
G
[
− γ
2
54
sin θ1 sin θ2
(
cos θ2 sin
2 θ1dφ1 − cos θ1 sin2 θ2 dφ2
) ∧ dθ1 ∧ dθ2 ∧ dψ
+
(
1 + 2γ2f
)
dθ1 ∧ dθ2 ∧ dφ1 ∧ dφ2
]
, (4.68)
which gives the five-form of [22],
F ′5 ≡ dC ′ +
1
2
(
B′+ ∧ dB′− −B′− ∧ dB′+) = G κ volSE , (4.69)
where volSE is the T
1,1 volume form in the undeformed solution.
An equivalent way to compute the generalised metric for the deformed background is
to act with a β-deformation on the generalised metric of the Sasaki–Einstein solution. We
consider the action of a nilpotent bivector, β∧β = 0. This is not the most general bivector
deformation, but it is enough to describe the β-deformation of Lunin and Maldacena. The
transformed metric is
G′−1 = eβ ·G−1 · e−β = G−1 + β ·G−1 −G−1 · β − β ·G−1 · β . (4.70)
For the purpose of extracting the type IIB supergravity fields, we will only need the fol-
lowing components of the β-transformed generalised metric
(G′−1)mn = (G−1)mn − βmpα (G−1)αnp + (G−1)m γpβpnγ − βmpα (G−1)α γp q βqnγ ,
(G′−1)mγn = (G
−1)mγn +
1
2(G
−1)mnpqβγ pq − βmpα (G−1)αγpn ,
(G′−1)αγmn = (G
−1)αγmn +
1
2β
αpq(G−1)mpq γn +
1
2(G
−1)αm npqβ
γ pq + 14β
α pq(G−1)mpq nrsβγ rs ,
(G′−1)mnpq = (G−1)mnpq − βrsα (G−1)m αnpqrs . (4.71)
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Plugging in the formulae above the metric, dilaton and four-form potential of the AdS5 ×
T 1,1 solution and the form (4.56) of the bivector β, we recover exactly the expressions for
the different fields of the β-deformed solution discussed above.
In the specific example of T 1,1, one can also include the β deformation of the generalised
vector K8 introduced in the previous section
K ′8 = Φ ∧ η + βy(η ∧ Φ)n . (4.72)
The β-transformed vector should still preserve the algebra and, after also introducing three-
form fluxes, the corresponding enhanced truncation contains the β-transformed Klebanov-
Strassler solution discussed in the Appendix of [22].
4.3.3 The truncation ansatz
The truncation ansatz for the vectors is obtained substituting in (3.34) the generalised
vectors defining the generalised SU(2) structure on the beta-deformed T 1,1 are given in
(4.58), (4.62)
hµ = A0µ ξ − 1√2
(A4µ +A6µ) βyη ,
B+µ,1 =
1√
2
(A4µ +A6µ) η ,
B−µ,1 = − 1√2
(A5µ +A7µ) η + 1√2 Aiµ βy (ji ∧ η) ,
Cµ,3 =
1√
2
Aiµ ji ∧ η − 1√2
(A4µ +A6µ)βy(η ∧ C fl)+ 1√2 (A5µ −A7µ)βy vol ,
B˜+µ,5 = − 1√2
(A5µ −A7µ) vol− 1√2 (A4µ +A6µ)C fl ∧ η ,
B˜−µ,5 = − 1√2
(A4µ −A6µ) vol + 1√2 (A5µ +A7µ)C fl ∧ η . (4.73)
To give the ansatz for the two-forms one has to compute the tensors JA in the bundle
N ≃ detT ∗M ⊗ E∗. As for the Sasaki–Einstein truncation, these are obtained acting on
the dual generalised vectors K∗ with the internal volume, as in (3.16),
J0 = η ⊗ vol+ rˆ βy(η ⊗ vol) ,
J i = 1√
2
(rˆ βyji + ji) ,
J4 = 1√
2
(
−nˆ+ βyC fl + rˆ vol4 − nˆ C fl
)
,
J5 = 1√
2
(
−rˆ + βyvol4 − nˆ vol4 − rˆ C fl
)
,
J6 = 1√
2
(
nˆ− βyC fl + rˆ vol4 + nˆ C fl
)
,
J7 = 1√
2
(
rˆ + βyvol4 − nˆ vol4 + rˆ C fl
)
, (4.74)
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where again we are using vol4 = ξy vol. Then equating the components of the generalised
tensor (4.14) with the linear combination BµνAJA, we find
Bµν,0+ =
1√
2
(Bµν 7 − Bµν 5)− 1√2 (Bµν 1 βyj1 + Bµν 2 βyj2) ,
Bµν,0− = 1√2 (Bµν 6 − Bµν 4) ,
Cµν, 2 =
1√
2
[Bµν i ji + (Bµν 4 − Bµν 6)βyC fl + (Bµν 5 + Bµν 7)βyvol4] ,
B˜µν,4+ = −Bµν 0 βy(η ⊗ vol) + 1√2 (Bµν 4 + Bµν 6) vol4 +
1√
2
(Bµν 7 − Bµν 5)C fl ,
B˜µν,4− = − 1√2 (Bµν 5 + Bµν 7) vol4 +
1√
2
(Bµν 6 − Bµν 4)C fl . (4.75)
The generalised metric contains the ansatz for the internal fields, metric and form
potential, the dilaton and the warp factor. Here we give the final result for the internal
and mixed components of the ten-dimensional metric (4.8):
gmnDy
mDyn = F−1
[
1
3 e
2A1 (γf1 dθ1 + γf2 dθ2 + f0Dψ)
2 + 13 e
A1E1Dψ
2
+ 16 e
A2E2
(
dθ21 + dθ
2
2
)
+ 92 e
A1+A2
(
sin2 θ1Dφ
2
1 + sin
2 θ2Dφ
2
2
)
+ 13 e
2A1 (3 cos θ1Dφ1 + 3cos θ2Dφ2 + f0Dψ)
2
+ γ eA1 sin2 θ1 sin
2 θ2
( ∑
i=1,2
gi sin θiDφi dθ1 +
∑
i=1,2
hi sin θiDφi dθ2
)]
,
(4.76)
where the differentials D contain the shift by the five-dimensional vectors
Dψ = dψ + 3A0 ,
Dφ1 = dφ1 +
√
2
3 γ cos θ2(A4 +A6) ,
Dφ2 = dφ2 −
√
2
3 γ cos θ1(A4 +A6) . (4.77)
For simplicity of notation we defined A1 =
8
3 (U+V ), A2 =
2
3(7U+V ), A3 =
1
3(3φ−8U+4V )
as well as the functions
b+12 = b1 cosψ + b2 sinψ ,
b−12 = b2 cosψ − b1 sinψ ,
f0 = 3− γ b+12 sin θ1 sin θ2 ,
f1 = b
−
12 cos θ1 sin θ2 + b3 sin θ1 cos θ2 ,
f2 = b
−
12 sin θ1 cos θ2 − b3 cos θ1 sin θ2 ,
F = 3eA1f20 + γ2eA2+A3
[
2 eA1
(
cos2 θ1 sin
2 θ2 + sin
2 θ1 cos
2 θ2
)
+ 3 sin2 θ1 sin
2 θ2 e
A2
]
,
(4.78)
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and
g1 = (3 e
A2 + 2eA1 cot2 θ1)b
−
12 + 2e
A1b3 cot θ1 cot θ2 ,
g2 = (3 e
A2 + 2eA1 cot2 θ2)b3 + 2e
A1b−12 cot θ1 cot θ2 ,
h1 = (3 e
A2 + 2eA1 cot2 θ1)b3 − 2 eA1b−12 cot θ1 cot θ2 ,
h2 = (3 e
A2 + 2eA1 cot2 θ2)b
−
12 − 2 eA1b3 cot θ1 cot θ2 ,
E1 = e
2A2+A3γ2 sin2 θ1 sin
2 θ2 − eA1 f20 ,
E2 = F + 3γ2eA1
(
(b−12)
2 + b23
)
sin2 θ1 sin
2 θ2 . (4.79)
In line with the results of [19], there exists a subtruncation to minimal five-dimensional
gauged supergravity, that has recently been made explicit in [23]. The bosonic sector of
minimal five-dimensional supergravity is made of the metric, a single vector (the gravipho-
ton) and no scalars. It is obtained from the truncation derived here, by setting all two-form
and scalar fields to zero except for eU = eV = ℓ, taking
A1 = A2 = A4 = A5 = A6 = A7 = 0 , (4.80)
and identifying the other two gauge fields with the graviphoton A as
A = 3A0 = −A3 . (4.81)
In this case it is easy to see that the generalised metric is the same as for the background
solution, so that the internal fields are not modified. The ansatz for the full ten-dimensional
metric becomes
g10 = gµν dx
µdxν +
1
6
(
dθ21 + dθ
2
2
)
+
G
6
(
sin2 θ1dφ
2
1 + sin
2 θ2dφ
2
2
)
+
G
9
(
dψ + cos θ1dφ1 + cos θ2dφ2 + 3A0
)2
+
γ2
81
G sin2 θ1 sin2 θ2
(
dψ + 3A0)2 , (4.82)
where we have set ℓ = 1. Note that the purely internal part coincides with (4.64).
5 M-theory truncations including a Maldacena-Nu´n˜ez AdS5 solution
In this section, we construct a generalised U (1) ⊂ USp(4) structure on a manifoldM6 given
by a fibration of S4 over Σ, where Σ is a constant curvature Riemann surface. Specifically,
Σ can be the hyperbolic plane H2, the flat space R2, a sphere S2, or a quotient thereof. We
argue that in each case the generalised structure provides a consistent truncation to five-
dimensional half-maximal gauged supergravity coupled to three vector multiplets and with
a U (1) × ISO(3) gauging. The embedding tensor depends on the curvature of Σ. When
Σ is negatively curved, there is a fully supersymmetric AdS5 solution which uplifts to the
AdS5 ×w M6 solution of [24] preserving 16 supercharges.21 This describes the low-energy
limit of M5 branes wrapped on Σ, which is an N = 2 SCFT4, and our truncation captures
some deformations of such theory.
21The symbol ×w denotes the warped product.
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Generic AdS5 ×w M6 solutions of eleven-dimensional supergravity preserving half-
maximal supersymmetry were classified in [63]. It was shown in [64] that for all such solu-
tions, there is a consistent truncation to pure half-maximal supergravity with U (1)×SU (2)
gauging, such that the supersymmetric AdS5 vacuum uplifts to the AdS5 ×w M6 solution.
In Section 2 we discussed how this statement follows from restricting to the singlet sector of
the USp(4) generalised structure on M6. The results of this section show that, at least for
the specific M6 geometry of [24], the generalised structure is further reduced to U (1) and
correspondingly the truncation can be enlarged to half-maximal supergravity with three
vector multiplets.
We note that the existence of such a consistent truncation, as well as a detailed analysis
of its sub-truncations and vacua, was very recently proven using a complementary approach
in [25]. These authors considered an explicit truncation directly from seven-dimensional
maximal gauged supergravity. As we will see, the generalised structure we find is indeed
built using the generalised parallelisation on S4 that defines the seven-dimensional maximal
gauged supergravity, thus giving a direct connection to the construction in [25].
5.1 E6(6) generalised geometry for M-theory
We start by recalling some basic notions of E6(6) generalised geometry for M-theory, which is
relevant for dimensional reductions of eleven-dimensional supergravity on a six-dimensional
manifold M . Again we follow the conventions of [55, app. E].
Under GL(6), the exceptional tangent bundle on M decomposes as:
E ≃ TM ⊕ Λ2T ∗M ⊕ Λ5T ∗M , (5.1)
so that a generalised vector reads
V = v + ω + σ , (5.2)
where v ∈ TM , ω ∈ Λ2T ∗M and σ ∈ Λ5T ∗M . The E6(6) cubic invariant is defined as22
c(V, V, V ) = − 6 ιvω ∧ σ − ω ∧ ω ∧ ω . (5.3)
The bundle N ≃ detT ∗M ⊗ E∗ similarly decomposes as:
N ≃ T ∗M ⊕ Λ4T ∗M ⊕ (T ∗M ⊗ Λ6T ∗M) , (5.4)
so the sections are the sum of a one-form, a four-form and a tensor made of the product
of a one-form and a volume form.
The eleven-dimensional supergravity fields, that is the metric g11, the three-form po-
tential Aˆ and its six-form dual ˆ˜A, can be decomposed according to the SO(1, 10) →
SO(1, 4)×SO(6) splitting of the Lorentz group similarly to the discussion in Subsection 4.1
22This is 6 times the cubic invariant given in [55].
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for type IIB supergravity:
g11 = e
2∆ gµν dx
µdxν + gmnDy
mDyn ,
Aˆ = 13!Am1m2m3Dy
m1m2m3 + 12Aµm1m2dx
µ ∧Dym1m2 + 12Aµνmdxµν ∧Dym + . . . ,
ˆ˜A = 16!A˜m1...m6Dy
m1...m6 + 15! A˜µm1...m5dx
µ∧Dym1...m5
+ 12·4! A˜µνm1...m4dx
µν∧Dym1...m4 + . . . , (5.5)
where Dym = dym − hµmdxµ ensures covariance under internal diffeomorphisms, and
∆(x, y) is the warp factor of the external metric gµν(x). We can organise the eleven-
dimensional supergravity fields into the inverse generalised metric on M23
GMN ↔ {∆, gmn, Am1m2m3 , A˜m1...m6} , (5.6)
the generalised vectors
AµM = {hµm, Aµmn, A˜µm1...m5 } , (5.7)
and the weighted dual vectors
Bµν M = {Aµνm, A˜µνm1...m4 , g˜µνm1...m6,n} , (5.8)
where as in type IIB we will not need the last term, related to the dual graviton. The
bosonic truncation ansatz is obtained by equating these generalised geometry objects to
the corresponding terms given in Section 3.
5.2 Generalised U (1) structure
The internal geometry of the half-maximal AdS5 ×w M6 solution of [24] is constructed as
a fibration of S4 over Σ, where Σ is a negatively curved Riemann surface. This M6 has
a U(1) ⊂ GL(6) structure in conventional geometry. As we will see below, this defines a
consistent truncation to half-maximal supergravity coupled to three vector multiplets. Ex-
plicitly under the embedding SO(2)×SO(5, 3) ⊂ SO(5, 5) ⊂ E6(6) of (3.2), the generalised
tangent space E decomposes as
27 = 10 + 8
v
0 + 1+ + 1− + 8
s
+ + 8
s
− , (5.9)
where 8v and 8s are vector and spinor representations and the subscript denotes the
SO(2) ≃ U(1) charge. Thus we have nine singlets under U (1), which correspond to the
generalised vectors KA, A = 0, . . . , 8. Under SO(5) × SO(3) these decompose as
1+ 8v = (1,1) + (5,1) + (1,3) ,
Γ(E) ∋ K0 ∪ {K1, . . . ,K5} ∪ {K6,K7,K8} .
(5.10)
The explicit form of these vectors is determined by the S4 fibration structure of theM6
geometry. To see how they arise, we will first consider the direct product Σ×S4 and recall
23The precise expression for the inverse generalised metric in terms of the eleven-dimensional supergravity
fields is easily obtained from the conformal split frame given in [35].
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some generalised geometry on S4, and then implement the twist of S4 over Σ. On Σ × S4
we can decomposes the generalised tangent space under GL(2,R)× SL(5,R) ⊂ E6(6) where
GL(2,R) is the structure group of the conventional tangent space on Σ and SL(5,R) ≃ E4(4)
is the structure group of the generalised tangent space on S4. Explicitly we have
E ≃ TΣ⊕ (T ∗Σ⊗N4)⊕ (Λ2T ∗Σ⊗N ′4)⊕ E4 ,
27 = (2,1)⊕ (2,5′)⊕ (1,5)⊕ (1,10) , (5.11)
where in the second line we denote the SL(2,R) × SL(5,R) representations, and where we
have introduced the generalised bundles on S4
E4 ≃ TS4 ⊕ Λ2T ∗S4 ,
N4 ≃ T ∗S4 ⊕ Λ4T ∗S4 ,
N ′4 ≃ R⊕ Λ3T ∗S4 ,
(5.12)
E4 being the generalised tangent space on S
4.
As discussed in [6], on S4 these bundles are parallelisable, that is, they admit global
frames, constructed as follows. Let us parameterise the round four-sphere S4 of radius R
with coordinates Ryi, i = 1, . . . , 5, constrained by the condition δijy
iyj = 1. The metric
and the volume form induced from R5 are
g4 = R
2 δijdy
idyj , vol4 =
1
4!R
4 ǫi1i2i3i4i5 y
i1dyi2 ∧ dyi3 ∧ dyi4 ∧ dyi5 . (5.13)
We can define the generalised frames
Eij = vij +R
2 ∗4(dyi ∧ dyj) + ιvijA ∈ Γ(E4) ,
Ei = R dyi − yi vol4+R dyi ∧A ∈ Γ(N4) ,
E′i = yi +R ∗4dyi + yiA ∈ Γ(N ′4) ,
(5.14)
where vij ∈ Γ(TS4) are the Killing vector fields generating the SO(5) isometries, the Hodge
star ∗4 is computed using (5.13), and the M-theory three-form A is chosen such that
F = dA = 3R−1 vol4 . (5.15)
The frames (5.14) are globally-defined and therefore parallelise the respective bundles.
Furthermore, under the generalised Lie derivative, the Eij generate an so(5) algebra
LEijEkl = −R−1 (δikEjl − δilEjk + δjlEik − δjkEil) . (5.16)
This parallelisation is the basis of the generalised Scherk–Schwarz reduction of eleven-
dimensional supergravity on S4 [6], which reproduces the well-known consistent truncation
to maximal SO(5) supergravity in seven dimensions [5]. In the generalised Scherk–Schwarz
reduction, the Eij define the truncation ansatz for the seven-dimensional scalar and vector
fields, while the Ei and E
′
i define the ansatz for the two-form and three-form potentials.
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In the solutions of [24], the internal space is a fibration
S4 M6
Σ
i
pi (5.17)
where topologically the sphere is twisted by a U(1) subgroup of the SO(5) isometry group.
Here Σ can be a negatively curved Riemann surface as in [24], but we can also allow it to
be a torus T 2, or a sphere S2. Let the one-forms e1, e2 be an orthonormal co-frame such
that
gΣ = (e1)
2 + (e2)
2 , volΣ = e1 ∧ e2 (5.18)
are the constant curvature metric and compatible volume form on Σ, all of which can be
pulled back to M6 using the projection map π. The twisting of the co-tangent space T
∗Σ
defines a U (1) spin-connection υ on Σ given by
d(e1 + i e2) = i υ ∧ (e1 + i e2) , dυ = κ
R2
volΣ , (5.19)
where κ = −1 for H2, κ = 0 for R2 and κ = +1 for S2 (and quotients thereof), and for
convenience we are identifying the overall scale of Σ with the radius R of S4. To preserve
supersymmetry one needs to choose the U(1) twisting of the sphere so that it cancels the
U(1) twisting of the cotangent space. For the half-maximal case one can choose conventions
such that the twisting is the U(1) generated by, for example, the v12 Killing vector that
appears in generalised frame E12. In terms of the embedding in E6(6) we thus have the
breaking pattern
E6(6) ⊃ SL(2,R)× SL(5,R) ⊃ SO(2)× SO(5) ⊃ SO(2)× SO(2)× SO(3) ⊃ U(1) , (5.20)
where the final U(1) is the diagonal subgroup of SO(2)×SO(2) ≃ U(1)2. By calculating the
commutants one can see that this structure indeed corresponds to the case of half-maximal
supersymmetry with n = 3 vector multiplets, as claimed.
Having identified the U(1) structure we can now directly construct the singlet vectors
in the generalised tangent space. Given the decomposition (5.11), we note that these should
come from E12 ∈ Γ(E4), Eαβ ∈ Γ(E4) and volΣ∧E′α ∈ Γ(Λ2T ∗Σ⊗N ′4) with α, β ∈ {3, 4, 5},
since these are neutral under the U(1) action generated by v12. In addition we get a complex
generalised vector of the form (e1 + ie2) ∧ (E1 + iE2) ∈ Γ(T ∗Σ ⊗ N4) since the twisting
means that the U(1) action on the first term is cancelled by the U(1) action on the second
term. Concretely we find the nine globally defined generalised vectors KA on M6 with
A = 0, . . . , 8:
K0 =
1
2 e
Υ ·E12 ,
K1 + iK2 = (e1 + ie2) ∧ eΥ · (E1 + iE2) ,
Kα =
1
2ǫαβγ e
Υ · Eβγ + volΣ∧ eΥ · E′α ,
K3+α =
1
2ǫαβγ e
Υ · Eβγ − volΣ∧ eΥ · E′α ,
(5.21)
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with α = 3, 4, 5 and ǫαβγ the antisymmetric symbol such that ǫ345 = 1. Note that each of
the frame vectors on S4 is twisted by the exponentiated SO(5) adjoint action (defined in
[55, app. E.1]) of an element of the e6(6) ⊕ R algebra:24
Υ = −Rυ ×ad E12
= −R [v12 ⊗ υ + υ ∧ ∗4(R2 dy1 ∧ dy2) + υ ∧ ιv12A] , (5.22)
where the tensor product ×ad contains a projection on the adjoint representation and υ is
the spin-connection on Σ. Concretely one finds
eΥ · E12 = E12 ,
eΥ · (E1 + iE2) = (E1 + iE2) + iRυ ∧ (E′1 + iE′2) ,
1
2ǫαβγ e
Υ ·Eβγ = 12ǫαβγEβγ +Rυ ∧ Eα ,
eΥ ·E′α = E′α + 12R2 ǫαβγ υ ∧ dyβ ∧ dyγ .
(5.23)
Note that the last term in the fourth line drops out when wedged with volΣ in Kα and
K3+α above. One can check that these KA do satisfy the conditions (3.8), (3.10) for a
generalised U (1) structure, where K1, . . . K5 are the negative norm vectors transforming
in the fundamental representation of SO(5), while the K3+α are the positive norm ones
forming an SO(3) triplet. Since the frame vectors on S4 have been twisted by the same
element Υ of E6(6), one can actually check the (3.8), (3.10) using the untwisted basis. In
particular, the twisting implies that, since dEi = 0 and dE
′
i =
1
R Ei,
d
[
eΥ · (E1 + iE2)
]
= −i υ ∧ eΥ · (E1 + iE2) + volΣ∧(. . .) , (5.24)
which just cancels the exterior derivative of e1 + ie2 in (5.19) giving
d(K1 + iK2) = 0 . (5.25)
The reason for the twisting by Υ is straightforward. Given the fibration (5.17), al-
though vectors on S4 push forward via the inclusion map i : S4 →M6, we need a choice of
U(1) connection in order to push forward forms on S4 to globally defined forms on M6. If
ψ is a coordinate on S5 such that v12 = R
−1∂/∂ψ this means replacing dψ in any form on
S4 with dψ + υ. This is exactly what the action of the first term in (5.22) does. However,
in the seven-dimensional consistent truncation on S4 the U(1) gauging actually comes from
E12 not just the leading isometry term v12. Thus to match with the construction in [24],
we should actually twist by the connection in (5.22), where the effect of the extra terms
is to turn on additional F flux. This is the generalised geometry counterpart of the topo-
logical twist of the M5-brane (2, 0) theory on Σ. Our construction should also make it
clear that the truncation we are going to define can equivalently be seen as a truncation of
seven-dimensional maximal supergravity on Σ.
24This is reminiscent of the construction in the context of O(d, d) generalised geometry in [65].
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5.3 The gauge algebra and the embedding tensor
We now compute the algebra generated by the twisted generalised vectors KA in (5.23).
The M-theory generalised Lie derivative on M6 is defined as:
LV V
′ = Lvv′ +
(Lvω′ − ιv′dω)+ (Lvσ′ − ιv′dσ − ω′ ∧ dω) . (5.26)
In order to perform the computations, we find it convenient to use a parameterisation of
the generalised vectors in terms of angular coordinates on S4. This is given in Appendix B.
We find that the only non-vanishing generalised Lie derivatives are:
LK0(K1 + iK2) =
i
2R (K1 + iK2) , (5.27)
where we crucially used (5.25), and
LRαRβ = − 1RǫαβγRγ , LRαTβ = LTαRβ = − 1RǫαβγTγ , LTαTβ = 0 , (5.28)
where we introduced the combinations
Rα :=
1
2 [(1− κ)Kα + (1 + κ)K3+α] ,
Tα :=
1
2 [Kα −K3+α] , α = 1, 2, 3 . (5.29)
It follows that K0 generates a U(1) under which K1+ iK2 is charged, and Rα, Tα generate
the ISO(3) algebra, with Rα generating the SO(3) rotations and Tα generating the R
3
translations. As is apparent from the form of the Rα, the way the SO(3) subgroup of
ISO(3) is embedded in SO(5, 3) depends on the value of κ. If κ = −1 then SO(3) ⊂
SO(5) ⊂ SO(5, 3), if κ = 0 then SO(3) is the diagonal subgroup of SO(3, 3) ⊂ SO(5, 3),
and if κ = +1 then SO(3) is the commutant of SO(5) in SO(5, 3).
Since all generalised Lie derivatives yield a combination of the KA with constant coeffi-
cients, the consistent truncation will go through, giving half-maximal gauged supergravity
in five dimensions coupled to three vector multiplets. Recalling (3.18), (3.20), we can de-
termine the embedding tensor. We find that the non-trivial embedding tensor components
are:
ξ12 = − 1
2R
,
fαβγ = −3 + κ
2R
ǫαβγ , fαβ(γ+3) = −
1 + κ
2R
ǫαβγ ,
fα(β+3)(γ+3) =
1− κ
2R
ǫαβγ , f(α+3)(β+3)(γ+3) =
3− κ
2R
ǫαβγ .
(5.30)
We note that these indeed agree with the embedding tensor derived in [25].
When κ = −1, the gauging satisfies the conditions for a half-maximal AdS5 vacuum
spelled out in [66]. This supersymmetric AdS5 vacuum uplifts to the AdS5×wM6 solution of
[24]. In [67] the general conditions for five-dimensional half-maximal supergravity to admit
supersymmetric flows between AdS fixed points were given. Inspection of the gauging (5.30)
shows that the consistent truncation cannot admit such a flow, the basic reason being
that the way S4 is twisted over the Riemann surface is fixed in our truncation ansatz.
It follows that the truncation cannot describe a flow from the AdS5 vacuum preserving
16 supercharges to another supersymmetric vacuum. Nevertheless, it may contain other
interesting solutions that it might be worth exploring.
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5.4 Recovering the truncation to pure half-maximal supergravity
The general formulae of Section 3.3 provide an algorithmic construction of the full bosonic
truncation ansatz for eleven-dimensional supergravity onM6, leading to the five-dimensional
half-maximal supergravity coupled to three vector multiplets described above. In the fol-
lowing we make this completely explicit for a sub-truncation of that theory: we recover the
truncation to pure half-maximal supergravity given in [64]. This is only possible when Σ is
a negatively curved Riemann surface. Indeed in order to be able to throw away the three
vector multiplets consistently and be left with just the gravity multiplet we need the gauge
algebra to close on the first six generalised vectors, K0, . . . ,K5, so that we have a USp(4)
generalisd structure with singlet torsion. From (5.30) we see that this requires κ = −1.
The gauging thus obtained is SU (2) × U(1) and the half-maximal supergravity is the one
dubbed N = 4+ in [68].
In order to determine how the only scalar field Σ of pure half-maximal supergravity
embeds in the eleven-dimensional fields we evaluate the inverse generalised metric (3.40),
where we set VaA = δaA as we are now truncating all other scalar fields. In particular,
from
(G−1)mn = e2∆gmn ,
(G−1)mnp = e2∆ gmqAqnp , (5.31)
we can extract the internal metric and the internal part of the three-form potential, after
having computed the warp factor ∆. The latter is given by the general formula [36]
volG ≡ (detGMN )−
9−d
2 dimE =
√
det gmn e
(9−d)∆ , (5.32)
where we need to take d = 6 and dimE = 27.25 Equivalently we can write:
e9∆ = (det G−1MN )
1
18 (detG−1mn)
1
2 . (5.33)
We explicitly evaluate the inverse generalised metric and express it in terms of the M6
coordinates introduced in Appendix B. In this way we find that (5.33) gives for the warp
factor:
e6∆ = ∆¯ , (5.34)
where we introduced the function
∆¯ = cos2 θ +
Σ3
2
√
2
sin2 θ . (5.35)
Inverting (G−1)mn, we obtain the internal metric gmn = e2∆Gmn, which reads
g6 = R
2∆¯1/3
[√
2
Σ
(
dθ2 + gΣ
)
+
√
2
Σ∆¯
sin2 θ (dψ + υ)2 +
Σ2
2∆¯
cos2 θ gS2
]
, (5.36)
25We correct a typo in footnote 3 of [36]: detG appearing there should actually be (detG)1/2.
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where gΣ is the uniform metric on Σ and gS2 is the unit metric on the 2-sphere inside S
4.
The second line of (5.31) gives for the internal part of the three-form potential:
A =
R3
2∆¯
cos3 θ
[
−2∆¯ υ +
(
Σ3√
2
− 2
)
sin2 θ (dψ + υ)− 6ψ tan θ ∆¯ dθ
]
∧ volS2 , (5.37)
whose field strength is
dA =
R3 cos3 θ
2 ∆¯2
[((√
2Σ3 + 2∆¯
)
tan θ dθ + 1√
2
sin2 θ d
(
Σ3
))∧ (dψ + υ) + 2∆¯
R2
volΣ
]
∧ volS2 .
(5.38)
In this way we have obtained the embedding of the five-dimensional scalar Σ into the
eleven-dimensional supergravity fields. We note that the value of Σ giving the AdS5×wM6
solution of [24] is Σ = 21/6.
We can go on and use our general formulae to determine the embedding of the
five-dimensional vector and two-form fields. For the mixed components of the eleven-
dimensional metric we get
hµ
m = 12A0µ vm12 + 12 ǫαβγAαµ vmβγ , (5.39)
where we recall that α = 3, 4, 5. Then using (5.5) we reconstruct the full eleven-dimensional
metric:
g11= ∆¯
1/3 g5 +R
2∆¯1/3
[√
2
Σ
(dθ2 + gΣ) +
√
2
Σ∆¯
sin2 θ (dψ + υ − 12A0)2 +
Σ2
2∆¯
cos2 θ gˆS2
]
(5.40)
where A0 gauges the shifts of the angle ψ, while gˆS2 denotes the metric on S2 where
the SO(3) isometries are gauged by A3,A4,A5. When S2 is described by constrained
coordinates such that µαµα = 1, this reads
gˆS2 = Dµ
αDµα , (5.41)
with
Dµα = dµα − 12 ǫβγδAδ vαβγ , (5.42)
vαβγ being the S
2 Killing vectors v45, v53, v34 expressed in the µ
α coordinates.
In order to determine the remaining part of the three-form potential we compute
AA ∧KA|2 = 12R2 cos3 θA0 ∧ volS2
+Re
[
R eiψ(A1 − iA2) ∧ (e1 + i e2) ∧ (cos θ dθ + i sin θ (dψ + υ))
]
+Aα ∧ [−R2 d(cos θ µα) ∧ (dψ + υ) +R2 d [µα d (ψ cos3 θ)]+ cos θ µα volΣ] ,
BA ∧ JA|1 = R
2
[
Re
(
i (B1 − iB2) ∧ (e1 + i e2) sin θ eiψ
)
+ Bα ∧ d(cos θ µα)
]
, (5.43)
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where KA|2 and JA|1 denote the 2-form and 1-form parts of KA and JA, respectively
(cf. Appendix B). Then the full eleven-dimensional three-form potential is
Aˆ = A+AA ∧KA|2 + BA ∧ JA|1 , (5.44)
where we also need to implement the shifts dψ → dψ − 12A0 and dµα → Dµα so as to
achieve covariance under internal diffeomorphisms.
We can now compare with the consistent truncation ansatz given in [64]. To this
extent, we redefine our scalar Σ into the scalar X appearing there as Σ = 21/6X−1, and fix
the scale of M6 as R = 1. Then the eleven-dimensional metric (5.40) precisely matches the
one given in [64, eq. (3.1)]26. We also checked that the eleven-dimensional four-form field
strength matches the corresponding one given in [64] after the five-dimensional one-form
and two-form potentials are set to zero. Checking agreement of the remaining part of the
eleven-dimensional four-form requires a little further work. Indeed our four-form, being
constructed from the three-form potential, automatically satisfies the Bianchi identity,
while the Bianchi identity of the four-form given in [64] is not automatic and defines
part of the the lower-dimensional equations of motion. Moreover in the embedding tensor
formalism adopted in this paper one keeps the vector fields as propagating degrees of
freedom, while the two-form potentials are auxiliary, non-propagating fields introduced
just to ensure closure of the gauge algebra; on the other hand, in [64] two of the six
vector fields in the half-maximal gravity multiplet are dualised into propagating two-forms
and do not appear in the five-dimensional Lagrangian. These two descriptions are related
by dualisation of some of the fields.27 One starts from the on-shell duality between the
eleven-dimensional three-form and six-form potentials Aˆ and ˆ˜A,
∗11 dAˆ+ 12 Aˆ ∧ dAˆ = d ˆ˜A . (5.45)
Plugging our truncation ansatz in, this yields a set of duality relations between five-
dimensional fields, in particular between one- and two-form potentials. Using these re-
lations we can trade some of the fields appearing in our three-form potential for those
appearing in the dual six-form. In particular, it is possible to remove the dBα, α = 3, 4, 5,
from dAˆ and replace them by ∗dAα (the reason being that in the expression for Aˆ given
by (5.43), (5.44), Bα wedges a closed one-form, implying that in dAˆ only dBα, and not Bα,
appears). On the other hand, in dAˆ the two-forms B1,B2 are Stu¨ckelberg-coupled to the
one-forms A1,A2 as d(A1 − iA2) − i2(B1 − iB2) and cannot be removed. If desired, one
could instead dualise A1− iA2 into B1− iB2 so that the latter becomes propagating in the
five-dimensional theory, matching in this way the description of [64].
6 Conclusions
In this paper we have discussed how generalised geometry provides a formalism to under-
stand consistent truncations of string and M-theory preserving varying amounts of super-
26 After making the obvious identifications of the supergravity gauge fields and of the connection one-form
on Σ, as well as a trivial, constant rescaling of the external metric.
27See also [29, Sect. 3.2] for a discussion of the procedure leading to select the relevant degrees of freedom
from dual pairs in a related context.
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symmetry, including non-supersymmetric cases.
When the generalised structure group GS is just the identity, and the generalised
intrinsic torsion is a GS-singlet, one has a generalised Leibniz parallelisation [6] and can
perform a generalised Scherk–Schwarz reduction; this is a consistent truncation preserving
maximal supersymmetry. When instead GS is non-trivial, and the intrinsic torsion is still a
GS -singlet, one obtains a consistent truncation preserving only a fraction of supersymmetry.
As we discussed in Section 2, the matter content of the reduced theory is obtained by
evaluating the commutant of GS in Ed(d) in the relevant representations, while the gauging
follows from the algebra of GS-singlets under generalised diffeomorphisms. In this way the
lower-dimensional theory is completely determined. Our formalism is completely general,
extending to less intuitive examples than the case where the consistent truncation is based
on an ordinary GS-structure. For instance we can allow for a non-trivial warp factor, or use
generalised tensor fields whose fixed-rank components can vanish at points on the internal
manifold, but the full generalised tensor is nowhere vanishing.
After illustrating the general principles, in Section 3 we have discussed in detail trun-
cations to five dimensions preserving half-maximal supersymmetry. These are based on
SO(5 − n) ⊆ USp(4) ⊂ E6(6) structures. In this case, the generalised structure is entirely
characterised by a set of generalised vectors KA, A = 0, 1, . . . , 5 + n, and the truncation
contains n vector multiplets. The sub-algebra of generalised diffeomorphisms generated by
the KA determines the gauging of the five-dimensional supergravity. We have given an
algorithmic prescription to construct the full bosonic truncation ansatz. In particular, we
provided an expression for the generalised metric on the internal manifold in terms of the
KA, and using this we specified the scalar field ansatz for the truncated theory.
We gave evidence for two new consistent truncations preserving half-maximal super-
symmetry: the first is obtained from type IIB supergravity on β-deformed toric Sasaki–
Einstein five-manifolds, and the second from eleven-dimensional supergravity on half-
maximal Maldacena-Nu´n˜ez geometries [24] (the latter recently independently derived using
the truncation from seven-dimensional maximal supergravity in [25]). In both cases, we
showed how the generalised geometry completely characterises the truncated theory. For
the type IIB reduction we also discussed the bosonic truncation ansatz, while for the
M-theory one we recovered the ansatz for the sub-truncation to pure half-maximal super-
gravity previously given in [64].
There are many other possible truncations that it would be intriguing to explore using
our formalism. We sketch here some possibilities directly related to the cases we have
studied. In type IIB E6(6) geometry, it would be interesting to construct a generalised
U (1) structure on the Y p,q family [69] of Sasaki–Einstein manifolds, and check if it admits
a U (1)-singlet intrinsic torsion. If so, this would give a half-maximal consistent truncation
on Y p,q manifolds extending the one based on generic Sasaki–Einstein SU (2) structure by
one Betti vector multiplet, as in the Y 1,0 ≃ T 1,1 truncation of [51, 52]. For this to go
through, one would need the full flexibility of generalised geometry in order to circumvent
the issue pointed out in [70] relevant working with ordinary G-structures.
In M-theory, it would be nice to extend the construction presented in Section 5, which
is based on the geometry of [24], to the general ansatz for half-maximal AdS5 solutions
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of [63]. In particular, this would provide new consistent truncations containing the AdS5
solutions of [71], describing M5-branes wrapped on Riemann surfaces with punctures. A
similar construction is conceivable for the supergravity description of D3-branes wrapped
on Riemann surfaces [24], however in this case one would need to use the more complicated
type IIB E8(8) generalised geometry formalism, which is not fully developed yet (though
see [72, 73]).
M5-branes wrapped on Riemann surfaces also give rise to AdS5 ×w M6 supergravity
solutions preserving just one quarter of the supersymmetry, which are dual to N = 1
four-dimensional SCFTs [24, 74]. Our general analysis can be used to predict the form of
the corresponding consistent truncations. For the quarter-supersymmetric solution of [24],
the structure is again U (1) but embedded in a different way in E6(6). It is easy to see
that in this case, there are only two singlet spinors, and so the truncation is to minimal
five-dimensional supergravity. The scalar moduli space is
Mscal =
CE6(6)(U (1))
CUSp(8)(U(1))
= R+ × SO(3, 1)
SO(3)
× SU (2, 1)
SU (2)× U(1) , (6.1)
and there are five singlet vectors in the generalised tangent space. We see that the trun-
cated theory is minimal five-dimensional supergravity coupled to four vector multiplets
and a single hypermultiplet. The first factor in (6.1) gives the homogeneous very special
real geometry describing the four additional vector multiplets, while the second factor is
the standard homogeneous quaternionic space for a single hypermultiplet. The singlet
generalised vectors KA are again constructed starting from the frames on S4 but now the
relevant twist connection is
Υ = 12 υ ×ad (E14 − E23) . (6.2)
The details of this truncation will be discussed in future work. Although none of the
truncations constructed in this way are expected to contain the domain wall solutions
connecting the different AdS5×wM6 supergravity solutions (which are dual to conjectured
RG flows between the corresponding SCFTs), the generalised geometry approach may
suggest how to make the twist “dynamical” so that it can evolve along the flow.
Half-maximal consistent truncations of massive type IIA supergravity can also be en-
gineered by combining the formalism of the present paper with the one of [56, 75], where
the maximally supersymmetric case was discussed.
Besides consistent truncations, a physically relevant motivation for developing half-
maximal structures is to study the moduli space of half-maximal AdS solutions to su-
pergravity theories, which is dual to the conformal manifold (i.e. the space of exactly
marginal deformations) of SCFTs with eight Poincare´ and eight conformal supercharges,
in the large N limit. In the quarter-supersymmetric case, a study of marginal deformations
using generalised geometry was done in [62, 76]. The additional constraint of half-maximal
supersymmetry may allow to go further in the analysis. In particular, it may allow one to
compare in great detail with field theory results, where the Ka¨hler metric on the conformal
manifold follows from the S4 partition function [77], which is computable using supersym-
metric localization. It would also be interesting to compare with the results found in [66]
by means of a purely five-dimensional supergravity setup.
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A Type IIB E6(6) generalised geometry
We briefly recall the exceptional geometry for type IIB compactifications on a five-dimensional
manifold M , following the conventions of [55, App. E]. The type IIB generalised tangent
bundle onM has fibres transforming in the 27 of E6(6) and decomposes under the geometric
GL(5) subgroup of E6(6) as
E ≃ TM ⊕ T ∗M ⊕ Λ5T ∗M ⊕ ΛoddT ∗M , (A.1)
where ΛoddT ∗ = T ∗ ⊕ Λ3T ∗ ⊕ Λ5T ∗. A generalised vector V ∈ Γ(E) can be written as
V = v + λ+ σ + ω , (A.2)
where ω = ω1+ω3+ω5 is a poly-form of odd degree. Alternatively, the generalised tangent
bundle can be decomposed in a way that also makes the action of SL(2) manifest. The
GL(5)× SL(2) covariant decomposition is
E ≃ TM ⊕ (S ⊗ T ∗M)⊕ Λ3T ∗M ⊕ (S ⊗ Λ5T ∗M) , (A.3)
where S denotes an SL(2) doublet. In this picture a generalised vector can be expressed as
V = v + λα + ρ+ σα , (A.4)
where the index α = {+,−} labels the states in the SL(2) doublet. In this paper we use
the second description.
The dual generalised vector bundle decomposes accordingly as
E∗ ≃ T ∗M ⊕ (S∗ ⊗ TM)⊕ Λ3TM ⊕ (S∗ ⊗ Λ5TM) , (A.5)
and a generalised dual vectors Z ∈ Γ(E∗) can be written as
Z = vˆ + λˆα + ρˆ+ σˆα . (A.6)
The adjoint bundle is defined as
adF = R⊕(TM⊗T ∗M)⊕(S⊗S∗)⊕(S⊗Λ2TM)⊕(S⊗Λ2T ∗M)⊕Λ4TM⊕Λ4T ∗M (A.7)
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with elements
R = l + r + aαβ + β
α +Bα + γ + C (A.8)
where l ∈ Γ(R), r ∈ End(TM), aαβ is an element of SL(2), βα and Bα are an SL(2)
doublet of bi-vectors and two-forms respectively, γ is a four-vector and C a four-form. The
adjoint action of R ∈ Γ(ad) on V ∈ Γ(E), denoted by V ′ = R · V , is defined as:
v′ = lv + r · v + γyρ+ ǫαββαyλβ ,
λ′α = lλα + r · λα + aαβλβ − γyσα + vyBα + βαyρ ,
ρ′ = lρ+ r · ρ+ vyC + ǫαββαyσβ + ǫαβλα ∧Bβ ,
σ′α = lσα + r · σα + aαβσβ − C ∧ λα + ρ ∧Bα , (A.9)
where ǫαβ is defined as ǫ+− = −ǫ−+ = 1, ǫ++ = ǫ−− = 0, and for the definition of the gl(5)
action r· and of the contraction y we refer to [55].
A generalised vector can be twisted by elements of the adjoint bundle. In particular,
the twisted generalised vector V = eB
α+C Vˇ is given by
v = vˇ ,
λα = λˇα + vˇyBα ,
ρ = ρˇ+ vˇyC + ǫαβ λˇ
α ∧Bβ + 1
2
ǫαβ vˇyB
α ∧Bβ ,
σα = σˇα −C ∧ λˇα + ρˇ ∧Bα − 1
2
vˇyBα ∧ C + 1
2
(
vˇyC + ǫαβλˇ
β ∧Bγ
)
∧Bα . (A.10)
Another bundle of interest is the bundle N ≃ detT ∗M ⊗E∗. This a sub-bundle of the
symmetrised product of two copies of the generalised tangent bundle. Its fibres transform
in the 27′ of E6(6) and its GL(5)× SL(2) decomposition reads
N ≃ (S∗ ⊗ R)⊕ Λ2T ∗M ⊕ (S∗ ⊗ Λ4T ∗M)⊕ (detT ∗M ⊗ T ∗M) , (A.11)
with sections
J = sα + ω2 + ω4α + ς . (A.12)
The E6(6) cubic invariant acting on three generalised vectors is defined as
c(V, V ′, V ′′) = −12
(
ιvρ
′ ∧ ρ′′ + ǫαβ ρ ∧ λ′α ∧ λ′′β − 2ǫαβ ιvλ′ασ′′β
)
+ symm. perm. .
(A.13)
The cubic invariant acting on dual vectors is
c∗(Z,Z ′, Z ′′) = −12
(
ιvˆρˆ
′ ∧ ρˆ′′ + ǫαβ ρˆ ∧ λˆ′α ∧ λˆ′′β − 2ǫαβ ιvˆλˆ′ασˆ′′β
)
+ symm. perm. , (A.14)
where ǫαβ is defined as a matrix with the same components as ǫαβ .
The product between an element V ∈ 27 and Z ∈ 27 is defined as
〈
Z, V
〉
= vˆmv
m + λˆmα λ
α
m +
1
3! ρˆ
mnpρmnp +
1
5! σˆ
mnpqr
α σ
α
mnpqr . (A.15)
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The generalised Lie derivative between two twisted generalised vectors V, V ′ is given
by
LV V
′ = Lvv′ + (Lvλ′α − ιv′dλα) + (Lvρ′ − ιv′dρ+ ǫαβdλα ∧ λ′β)
+ Lvσ′α − dλα ∧ ρ′ + λ′α ∧ dρ . (A.16)
The generalised metric is defined as
G(V, V ′) = vmv′m + hαβλ
mαλ′βm +
1
3!
ρmnpρ′mnp +
1
5!
σmnpqrσ′mnpqr , (A.17)
where V and V ′ are the twisted generalised vectors defined in (A.10) and the latin indices
are lowered/raised using the ordinary metric gmn or its inverse g
mn. The matrix hαβ
parameterises the coset SL(2)/SO(2) and is given by
hαβ = e
φ
(
C20 + e
−2φ −C0
−C0 1
)
, (A.18)
with inverse
hαβ = eφ
(
1 C0
C0 C
2
0 + e
−2φ
)
. (A.19)
Note that hαβ = ǫαα
′
ǫββ
′
hα′β′ .
The inverse generalised metric can be obtained from a generalised local frame EA ∈
Γ(E), A = 1, . . . , 27, as
G−1 = δABEA ⊗ EB
= δabEa ⊗ Eb + δabδαˆβˆEaαˆ ⊗Ebβˆ + 13!δa1b1δa2b2δa3b3Ea1a2a3 ⊗ Eb1b2b3
+ 15!δa1b1 · · · δa5b5δαˆβˆEa1...a5αˆ ⊗ Eb1...b5βˆ , (A.20)
where a, b, . . . are flat GL(5) indices while αˆ, βˆ are flat SL(2) indices. Starting from an
untwisted frame EˇA, the generalised frame EA is defined as [6]
EA = e
∆ eφ fˆαˆ
α eB
α+C · EˇA , (A.21)
where fˆαˆ
α =
(eφ/2 C0eφ/2
0 e−φ/2
)
. The action of the warp factor e∆ is defined by exponentiating the
adjoint element given by l = ∆, while the dilaton action eφ is defined by exponentiating
the adjoint element given by l + r = φ4 (−1 + 1) [55]. Decomposing the flat index A in
GL(5)× SL(2) representations, the generalised frame may be written as
Ea = e
∆
(
eˆa + ιeˆaB
α + ιeˆaC +
1
2ǫαβιeˆaB
α ∧Bβ + ιeˆaC ∧Bα + 16ǫβγ ιeˆaBβ ∧Bγ ∧Bα
)
Eaαˆ = e
∆ e−φ/2
(
fˆαˆ
αea + fˆαˆ
αǫαβe
a ∧Bβ − fˆαˆαC ∧ ea + 12 fˆαˆβǫβγea ∧Bγ ∧Bα
)
Ea1a2a3 = e∆ e−φ (ea1a2a3 + ea1a2a3 ∧Bα)
Ea1...a5αˆ = e
∆e−3φ/2fˆαˆα ea1...a5 , (A.22)
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where ea1...an = ea1 ∧ · · · ∧ ean . Using this expression for the frame, we obtain for the
different components of the inverse generalised metric:
(G−1)mn = e2∆gmn
(G−1)mβn = e
2∆gmpBβpn
(G−1)mnpq = e2∆gmr
(
Crnpq +
3
2ǫαβB
α
r[nB
β
pq]
)
(G−1)mβnpqrs = e
2∆gmu
(
10Cu[npqB
β
rs]
+ 5ǫγδB
γ
u[n
BδpqB
β
rs]
)
(G−1)α βmn = e
2∆
(
e−φhαβgmn −BαmpgpqBβqn
)
(G−1)αmnpq = e
2∆
(
3e−φhαβǫβγgm[nB
γ
pq] −BαmrgrsCsnpq − 32ǫβγBαmrgrsBβs[nBγpq]
)
(G−1)αβmnpqrs = e
2∆e−φ
(
−5hαβgm[nCpqrs] + 15hαγǫγδgm[nBδpqBβrs]
)
(G−1)mnp qrs = e2∆
[
gtu
(
Ctmnp +
3
2ǫαβB
α
t[mB
β
np]
)(
Cuqrs +
3
2ǫγδB
γ
u[qB
δ
rs]
)
+9e−φhαβBα[mngp][qB
β
rs] + 6e
−2φgmnp,qrs
]
, (A.23)
where in the last line we defined gmnp,qrs = gq[mgn|r|gp]s. We will not need the expressions
for the remaining components (G−1)αmnpqr stu and (G−1)
α β
mnpqr stuvw.
The warp factor e∆ is in principle extracted by evaluating the determinant of the whole
generalised metric. However, for type IIB we can follow the same shortcut given in [56] for
type IIA. We introduce
H−1 =
(
(G−1)mn (G−1)m+n
(G−1)+mn (G−1)++mn
)
= e2∆
(
gmn (g−1B)mn
−(Bg−1)mn (g −Bg−1B)mn
)
, (A.24)
where B+ is the NSNS two-form potential and observe that the matrix on the right hand
side has unit determinant. Therefore we obtain28
e∆ = (detH)− 14d . (A.26)
B Generalised vectors in angular coordinates on M6
In this appendix we provide explicit expressions for the generalised vectors KA, A =
0, 1, . . . , 8, defining the generalised U (1) structure on the six-manifold discussed in Sec-
tion 5. We start by relating the constrained coordinates yi, i = 1, . . . , 5, used in the main
28The expressions above are given in string frame. In Einstein frame the term gmn in (A.24) becomes
eφgmn, and (A.24) becomes
e∆+
φ
4 = (detH)− 14d . (A.25)
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text to angular coordinates (θ, ψ, χ, φ) on a round S4 of unit radius:
y1 = sin θ cosψ ,
y2 = sin θ sinψ ,
y3 = cos θ µ3 = cos θ cosχ ,
y4 = cos θ µ4 = cos θ sinχ cosφ ,
y5 = cos θ µ5 = cos θ sinχ sinφ . (B.1)
Notice that ψ parameterises U (1) rotations in the 1−2 plane, while χ, φ parameterise SO(3)
rotations in the 3 − 4 − 5 space and thus describe a round S2. The latter is equivalently
described by the constrained coordinates µα, α = 3, 4, 5, satisfying δαβµ
αµβ = 1; we use
either one or the other description according to convenience. The round metric on S4 and
the associated volume form (5.13) read
g4 = R
2
(
dθ2 + sin2 θ dψ2 + cos2 θ gS2
)
,
vol4 = R
4 cos2 θ sin θ dθ ∧ dψ ∧ volS2 , (B.2)
where
gS2 = δαβdµ
αdµβ = dχ2 + sin2 χ dφ2 ,
volS2 =
1
2ǫαβγ µ
αdµβ ∧ dµγ = sinχ dχ ∧ dφ (B.3)
are the unit metric and volume form on the two-sphere identified above. The S4 Killing
vectors generating the u(1)⊕su(2) algebra of interest are expressed in terms of these angular
coordinates as:
v12 = R
−1 ∂
∂ψ ,
v45 = R
−1 ∂
∂φ ,
v53 = R
−1
(
− sinφ ∂∂χ − cotχ cosφ ∂∂φ
)
,
v34 = R
−1
(
cosφ ∂∂χ − cotχ sinφ ∂∂φ
)
. (B.4)
For the M-theory three-form potential on S4 satisfying (5.15), we choose
A = −3R3 ψ cos2 θ sin θ dθ ∧ volS2 . (B.5)
As for the Riemann surface Σ, we do not need to introduce explicit coordinates; we
rather use the one-forms e1, e2 satisfying (5.18), (5.19).
– 54 –
Evaluating the twisted K’s (5.21) in these coordinates, we find the following expres-
sions:
K0 =
1
2 v12 +
1
2 R
2c3θ volS2 ,
K1+iK2 = R e
iψ (e1 + i e2) ∧ (cθ dθ + i sθ (dψ + υ)) +R4 eiψ c2θ (e1 + i e2)∧
∧ [ (s2θ (1− 3 iψ) (dψ + υ) + c2θ υ) ∧ dθ + i cθ sθ υ ∧ dψ] ∧ volS2 ,
K3 = v45 −R2 d (cθ cχ) ∧ (dψ + υ) +R2 d
[
cχ d
(
ψ c3θ
)]
+ cθ cχ volΣ
−R3cθsθ volΣ∧
(
cθsθcχ dψ ∧ volS2 +s2χ dθ ∧ dψ ∧ dφ+ 3ψ c2θ cχ dθ ∧ volS2
)
−R5 c3θ sθ cχ υ ∧ dθ ∧ dψ ∧ volS2 ,
K4 = v53 −R2d(cθ sχ cφ) ∧ (dψ + υ) +R2 d
[
sχ cφ d
(
ψ c3θ
)]
+ cθ sχ cφ volΣ
+R3 cθsθ volΣ∧
[
cφ
(
cχsχdθ ∧ dψ ∧ dφ− cθ sθ sχdψ ∧ volS2 −3ψ c2θ sχ dθ ∧ volS2
)
+ sφ dθ ∧ dψ ∧ dχ
]−R5 c3θ sθ sχ cφ υ ∧ dθ ∧ dψ ∧ volS2 ,
K5 = v34 −R2 d(cθ sχsφ) ∧ (dψ + υ) +R2 d
[
sχsφ d
(
ψ c3θ
)]
+ cθ sχsφ volΣ
+R3 cθsθ volΣ∧
[
sφ
(
cχsχdθ ∧ dψ ∧ dφ− cθ sθ sχ dψ ∧ volS2 −3ψ c2θ sχ dθ ∧ volS2
)
− cφ dθ ∧ dψ ∧ dχ
]−R5 c3θ sθ sχ sφ υ ∧ dθ ∧ dψ ∧ volS2 , (B.6)
with K6,K7,K8 being obtained from K3,K4,K5, respectively, by sending volΣ → − volΣ .
In these formulae, we are using the shorthand notation cθ = cos θ, sθ = sin θ, and similarly
for the angles χ, φ. The terms in (B.6) proportional to ψ are those coming from the action of
the three-form A in the S4 frames (5.14). The terms proportional to υ are those generated
by the twist (5.23) (that is, setting υ = 0 we recover the generalised vectors on the direct
product Σ × S4). We see that the latter transformation shifts dψ by the connection one-
form on Σ, such that dψ → (dψ + υ), and also introduces some additional five-form parts
in the generalised vectors.
The weighted dual vectors JA ∈ Γ(N) that give the ansatz for the supergravity two-
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forms can be computed from the KA using (3.15). We find:
J0 = 2R4 cθsθ volΣ∧ dθ ∧ dψ + 2R(υ + 3ψ cθsθ dθ + s2θ dψ)⊗ vol6 ,
J1 + iJ2 =
R
2
sθ i e
iψ(e1 + i e2)− R
4
2
eiψ(e1 + i e2) ∧
[
c2θ dθ + i sθ d
(
ψ c3θ
)] ∧ volS2 ,
J3 =
R
2
d(cθcχ) +
R4
2
cθ
[
sθs
2
χ volΣ∧ dθ ∧ dφ− cθcχ(volΣ+cθsθ dθ ∧ dψ) ∧ volS2
]
− R
2
c2θ s
2
χ dφ⊗ vol6 ,
J4 =
R
2
d(cθcφsχ)− R
4
2
cθ
[
sθcφcχsχ volΣ∧ dθ ∧ dφ+ sθsφ volΣ∧ dθ ∧ dχ
+ cθcφsχ(volΣ+cθsθ dθ ∧ dψ) ∧ volS2
]
+
R
2
c2θ(sφ dχ+ cφcχsχ dφ)⊗ vol6 ,
J5 =
R
2
d(cθsφsχ) +
R4
2
cθ
[− sθcχsχsφ volΣ∧ dθ ∧ dφ+ sθcφ volΣ∧ dθ ∧ dχ
− cθsφsχ(volΣ+cθsθ dθ ∧ dψ) ∧ volS2
]
+
R
2
c2θ(−cφ dχ+ cχsφsχ dφ)⊗ vol6 ,
(B.7)
and again J6, J7, J8 are obtained from J3, J4, J5, respectively, by sending volΣ → − volΣ
and vol6 → − vol6.
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